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1 . INTRODUCTION 
1.1  Motivation 

The  aim  of  this  work  is  to  develop  a method  for  performing  and 
interpreting  shock  wave  experiments  in  two-dimensional  strain  using  a light 
gas  gunJ  The  primary  application  of  this  is  in  the  study  of  the  kinetics 
of  shock-induced  phase  transitions  in  solids.  The  motivation  for  this 
study  has  been  detailed  elsewhere.  ’ The  geometry  of  two-dimensional 
strain  is  intended  to  provide  a quick  survey  technique  for  estimating  the 
transition  points  and  kinetics  of  phase  transitions  in  various  materials. 

An  overall  perspective  of  the  events  leading  to  the  present  stage  of 
development  of  the  study  of  phase  transitions  and  their  kinetics  has  been 

4 

given  in  other  works.  Phase  transitions  are  detected  in  shock  wave  experi- 

C 

ments  by  the  two-wave  structure  that  is  generated.  The  kinetics  of  the 
phase  transition  are  studied  by  measuring  the  rate  at  which  this  two-wave 

4 

structure  develops.  This  is  normally  done  under  conditions  of  uniaxial 
strain  produced  by  normal  impact  of  the  plane  face  of  a projectile  on  the 
plane  front  surface  of  a sample.  The  shock  proceeds  through  the  sample  and 
some  shock  parameter  is  measured  in  a plane  parallel  to  the  impact  plane, 
usually  at  the  rear  surface  of  the  sample.  This  type  of  experiment  has  some 
advantages.  The  one-dimensional  strain  case  is  relatively  easy  to  interpret, 
and  many  analytical  techniques  exist  for  this  purpose. Also,  there  are 
many  highly  refined  measurement  techniques  which  may  be  employed  in  the  one- 

O 

dimensional  experiment. 
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The  two-dimensional  strain  experiment,  on  the  other  hand,  is  more 
difficult  to  analyze.  The  added  dimension  naturally  brings  a greater  degree 


of  complexity  to  the  problem.  Much  work  has  been  done  in  multidimensional 
9 


geometries,  of  course,  but  the  majority  of  work  has  considered  the  uniaxial 
strain  case.  The  situation  is  much  the  same  regarding  measurement  techniques. 
Although  measurements  have  been  made  in  other  than  one-dimensional  geometries, 
particularly  in  experiments  involving  the  use  of  explosives,  the  most  sophis- 


ticated advances  are  in  instrumentation  that  is  not  readily  adaptable  to 


multidimensional  geometries.  The  VISAR1®  and  quartz  guage^  are  examples  of 


instruments  capable  of  making  continuous  measurements  of  shock  wave  parameters 
with  good  precision  and  accuracy  in  plans  wave  experiments.  This  kind  of 
resolution  is  not  available  for  two-dimensional  experiments. 

There  is,  however,  one  major  disadvantage  involved  with  using  one- 
dimensional geometry  to  study  the  kinetics  of  phase  transitions.  In  this 
type  of  study  it  is  required  to  determine  the  evolution  of  the  wave  as  it 
propagates  through  the  material.  A one-dimensional  experiment  makes  a 


measurement  at  only  one  propagation  distance  through  the  sample,  namely, 

12 


the  sample  thickness.  In-situ  gauges  such  as  the  electromagnetic  gauge 
do  not  have  this  limitation,  but  still  require  one  gauge  per  measurement 
position.  Thus,  several  experiments  are  required  in  order  to  observe  the 
evolution  of  the  wave  structure,  and  information  still  is  obtained  only  at 
discrete  propagation  intervals.  Beyond  this  there  is  great  difficulty 
involved  in  preparing  very  thin  samples  so  that  very  short  propagation 
distances  can  be  studied.  The  one-dimensional  geometry  proves  to  be  expen- 
sive and  time  consuming  when  apolied  to  the  study  of  the  kinetics  of  phase 
transitions. 
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Two-dimensional  geometry,  despite  its  added  complications,  offers 


the  possibility  of  sampling  over  a continuous  range  of  propagation  distances 

1 3 

in  a single  experiment.  This  attribute  may  justify  the  complexity  of  the 

problem.  The  two-dimensional  geometry  has  been  successfully  used  to  obtain 

14  15 

Hugoniot  data  for  some  materials,  ’ and  it  has  been  used  in  the  study  of 
the  kinetics  of  phase  transitions.^’^ 

The  development  of  an  easy-to-use  measurement  technique  along  with 
a means  for  analyzing  the  experiments  would  overcome  the  major  objections  to 
the  two-dimensional  geometry.  It  would  then  provide  a very  useful  method 
for  quickly  locating  phase  transitions  and  estimating  their  reaction  rates. 

The  development  of  a measurement  technique  and  analytical  method  is  the 
subject  of  this  work. 

1.2  General  Description  of  the  Problem 

1.2.1  Impact  Configuration 

The  specific  two-dimensional  flow  geometry  chosen  is  that  of  a plane 
projectile  face  impacting  a wedge  whose  impact  surface  is  tilted  at  an  angle  a 
to  the  projectile  face,  and  whose  rear  surface  is  parallel  to  the  plane  of  the 
projectile  face  as  shown  in  Fig.  1.1.  This  misalignment  of  projectile  and 
target  impact  surfaces  is  actually  present  in  all  so-called  "plane  impact" 
experiments,  due  to  the  experimental  difficulties  involved  in  aligning  the  two 
surfaces  so  that  they  are  parallel.  In  the  two-dimensional  geometry  the  degree 
of  misalignment  is  two  orders  of  magnitude  larger  and  is  controlled. 

The  impact  of  the  projectile  on  the  target  produces  a condition  of 
two-dimensional  steady  flow  in  the  region  where  rarefactions  from  the  ends 
of  the  wedge  have  not  affected  the  problem.  As  can  be  seen  in  Fig.  1.1, 
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shocks  connected  to  the  contact  point  between  projectile  and  wedge  extend 
into  the  material.  The  flow  is  steady  in  the  sense  that  regardless  of  the 
position  of  the  contact  point,  shock  parameters  are  the  same  at  equal  dis- 
tances along  the  shock  from  the  contact  point.  In  fact,  if  the  reference 
frame  used  is  one  in  which  the  contact  point  is  at  rest,  and  interactions 
with  the  boundaries  of  the  material  are  not  considered,  then  parameters  are 
unchanging  with  time  at  every  point  in  the  material.  Any  rate-dependent 
effects  which  occur  are  manifested  by  the  variation  of  parameters  from 
point  to  point  in  the  material.  For  example,  stress-relaxation  would  result 
in  a decay  of  the  shock  strength  with  distance  along  the  shock  from  the  con- 
tact point.  This  picture  of  steady  flow  is  not  valid  if,  for  instance,  the 
velocity  of  the  contact  point  is  subsonic  with  respect  to  either  material. 

1 8 

This  condition  would  result  in  material  jetting  ahead  of  the  contact  point. 
This  and  other  instabilities  are  not  dealt  with  in  this  work. 

In  the  reference  frame  in  which  the  contact  point  is  at  rest,  the 
back  surface  of  the  wedge  approaches  the  contact  point  with  the  projectile 
velocity.  As  it  gets  closer  to  the  contact  point,  it  intersects  points  on 
the  shock  which  are  closer  to  the  contact  point,  and  which  may  have  different 
parameters  if  rate-dependent  effects  are  present.  Thus  in  a reference  frame 
in  which  the  wedge  is  at  rest,  as  the  contact  point  moves  to  the  tip  of  the 
wedge  the  distance  that  the  shock  that  interacts  with  the  wedge  free  surface 
has  propagated  changes  continuously  from  its  maximum  value  down  to  zero.  A 
single  experiment  allows  the  shock  parameters  to  be  monitored  over  a continu- 
ous range  from  those  for  zero  propagation  distance  to  those  for  some  maximum 
distance  determined  by  the  geometry  of  the  wedge.  This  is  essentially 
equivalent  to  an  infinite  number  of  one-dimensional  experiments. 


1.2.2  Measurement  Technique 


In  order  to  monitor  the  shock  parameters  for  a continuous  range  of 
propagation  distances  in  the  two-dimensional  experiment,  a measurement  tech- 
nique is  required  which  allows  some  parameter  to  be  continuously  monitored 
along  the  length  of  the  wedge  from  the  thick  end  to  the  tip.  The  instru- 

19 

mentation  that  was  chosen  is  a variation  of  the  slanted  resistor  technique 
which  has  been  used  to  monitor  the  free  surface  motion  of  samples  in  uniaxial 
strain  experiments.  In  the  one-dimensional  case  a resistance  wire  is  mounted 
at  an  angle  to  the  back  surface  of  a specimen  as  shown  in  Fig.  1.2.  As  the 
back  surface  of  the  specimen  moves  out  as  a whole,  it  contacts  the  wire  and 
shorts  out  that  length  of  the  wire  between  the  specimen  and  the  contact  point 
Monitoring  the  resistance  of  the  wire  provides  a continuous  history  of  free 
surface  position. 

The  modification  for  the  two-dimensional  experiment  is  to  place  the 
resistance  wire  parallel  to  and  offset  from  the  back  surface  of  the  wedge, 
as  shown  in  Fig.  1.3.  As  the  shock  sweeps  along  the  wedge  free  surface,  it 
causes  the  free  surface  to  move  off  and  contact  the  wire,  shorting  it  out. 
Monitoring  the  resistance  of  the  wire  provides  the  time  of  arrival  of  the 
wedge  free  surface  at  a given  distance  from  its  initial  position  at  every 
point  down  the  length  of  the  wedge.  Using  two  wires  with  different  offsets 
in  the  same  experiment  provides  the  time  of  the  arrival  of  the  wedge  free 
surface  at  two  distances  for  every  position  along  the  length  of  the  wedge. 

If  all  points  on  the  wedge  free  surface  moved  off  with  a velocity 
normal  to  the  original  free  surface,  and  if  the  velocity  of  points  on  the 
free  surface  stayed  constant  at  all  distances  from  their  initial  position, 
then  the  data  from  the  two  resistance  wires  would  provide  a continuous 
record  of  the  free  surface  velocity  as  a function  of  position  down  the 
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wedge.  However,  points  on  the  free  surface  may  move  off  with  a velocity 

20 

that  is  not  normal  to  the  free  surface,  especially  if  the  material  is 

21 

elastic.  Also,  multi -wave  structure  may  cause  the  free  surface  velocity 
to  change  with  distance  from  its  initial  position.  Thus,  in  general  what 
Is  measured  is  related  to  the  time  average  between  the  two  offsets  of  the 
wires  of  the  particle  velocity  at  the  free  surface. 

When  rate  effects  and  two-wave  structures  are  involved,  the  shock 
strength  will  change  with  propagation  distance,  and  thus  the  particle 
velocity  will  vary  as  a function  of  position  along  the  wedge.  The  data 
from  the  wedge  impact  experiment  using  two  resistance  wires  will  provide  the 
particle  velocity  as  a function  of  position  along  the  wedge,  and  thus  can  be 


used  in  the  study  of  phase  transitions  and  their  rate  effects. 

1.2.3  Method  of  Analysis 

Given  a general  experimental  technique  a means  of  analyzing  the 
problem  is  required  in  order  to  properly  design  the  experiments.  Design 
considerations  include  projectile  velocity,  flyer  material,  wedge  size  and 
angle,  target  design,  and  placement  of  the  resistance  wires.  Once  the 


'iVa 


. £_fc  ' . 


experiment  has  been  performed,  a means  of  interpreting  the  data  is  required 
in  order  to  relate  it  to  material  properties. 

Considering  the  overall  complexity  of  the  two-dimensional  geometry 


and  the  different  types  of  rate-dependent  material  properties  involved,  it 
was  felt  that  the  problem  was  much  too  complicated  to  rely  on  Durely  analyt- 
ical solutions.  Closed-form  solutions,  if  they  could  be  found,  would  require 
tremendous  effort  and  be  restricted  by  the  simplifying  assumptions  required. 

The  best  overall  means  of  analyzing  the  problem  would  seem  to  be  by  means 

22 

of  numerical  techniques  utilizing  a digital  computer. 


materials  and  many  different  types  of  equations  of  state.  In  order  to  do 

this  the  technique  must  solve  the  system  of  partial  differential  equations 

describing  the  problem,  subject  to  the  proper  boundary  conditions.  Many 

general  techniques  exist  for  the  numerical  solution  of  partial  differential 
23  ?4 

equations.  ’ Among  those  that  have  been  employed  in  codes  written  to 

25 

solve  shock  propagation  problems  are  the  finite  element  method,  the 

26  27  28 

method  of  characteristics , ’ and  finite-difference  methods.  The 

finite-difference  methods  are  best  adapted  to  the  present  problem  because 

of  the  relative  ease  with  which  they  handle  different  materials  and  the 

29 

formation  of  multiple  shocks. 

Finite-difference  methods  approximate  the  partial  differential  equa- 
tions by  finite-difference  equations  and  apply  these  equations  to  a grid  in 
time  and  space.  Given  the  initial  values  of  all  variables  at  all  points  in 
the  spatial  mesh,  the  solution  proceeds  by  a time-stepping  technique  to  pro- 
vide the  values  of  all  variables  at  all  mesh  points  at  later  times. 

Eulerian  finite-difference  methods  aoply  the  equations  to  a grid 
fixed  in  space  through  which  the  material  moves,  while  Lagrangian  finite- 

difference  methods  apply  the  equations  to  a grid  which  is  fixed  in  the  mate- 

30 

rial  and  moves  with  i4.  Eulerian  methods  have  the  disadvantage  that  mate- 
rial history  is  difficult  to  follow,  while  Lagrangian  methods  have  the 
disadvantage  that  the  grid  becomes  distorted  as  the  material  moves,  and  the 
calculation  becomes  inaccurate  as  the  mesh  distortion  becomes  large. 
Lagrangian  cedes  are  generally  r"ost  useful  for  small  impact  velocities,  and 
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Eulsrian  codes  are  most  useful  for  large  impact  velocities  where  mesh  dis- 

31 

tortion  is  very  large.  There  are  also  many  techniques  which  combine  both 

Eulerian  and  Lagrangian  features  in  order  to  try  to  overcome  the  disadvan- 

. , . 32,33,34 

tages  of  each. 

The  primary  intent  of  the  present  work  requires  keeping  close  track 
of  material  histories,  and  material  distortion  is  not  expected  to  be  large, 
so  a Lagrangian  finite-difference  method  was  chosen  as  the  means  for  analyzing 
and  interpreting  the  experiments. 


mques. 


Codes  exist  which  utilize  the  above  mentioned  numerical  tech- 

35  ,36  ,37  ,38  ,39,40  u . .......  , 

However,  most  are  designed  to  be  quite  general 


and  handle  many  different  types  of  problems;  they  are  thus  quite  bulky  and 
inefficient  in  a specific  application.  Also,  they  do  not  contain  the 
specific  types  of  material  properties  and  rate-dependent  effects  desired 
for  this  work.  Therefore,  a Lagrangian  finite-difference  code  was  written 
explicitly  to  solve  the  problem  of  a projectile  impacting  a wedge.  It  con- 
tains material  strength,  elastic  plastic  and  strain-rate  dependent  behavior, 
and  treats  phase  transitions.  This  may  be  used  to  interpret  and  analyze  the 
two-dimensional  experiments. 


1 . 3 Summa  ry 

The  intent  of  this  work  is  to  provide  a measurement  technique  for 
use  in  two-dimensional  strain  experiments,  and  a method  for  interpreting 
and  analyzing  the  experiments.  The  two-dimensional  geometry  is  that  of  a 
projectile  impacting  a wedge,  and  the  measurement  technique  is  to  record 
the  free  surface  velocity  as  a continuous  function  of  position  along  the 
wedge  by  use  of  resistance  wires  to  detect  free  surface  motion.  A two- 
dimensional  Lagrangian  finite-difference  code  developed  to  handle  wedge 
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impact  problems  is  the  basis  for  designing  the  experiments  and  interpreting 
the  results.  The  primary  application  is  in  the  study  of  the  kinetics  of 
phase  transitions.  However,  the  capability  for  performing  and  interpreting 
gas  gun  experiments  in  two  dimensions  may  become  useful  in  a wide  variety 
of  other  problems. 
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2.  SHOCK  POLAR  THEORY  APPLIED  TO  INTERSECTING  FLOWS 
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In  order  to  gain  a better  understanding  of  the  wedge  impact  experi- 
ment, it  will  be  helpful  to  consider  the  problem  from  an  analytical  stand- 
point before  proceeding  to  a computer  solution.  If  all  material  strength 


effects,  phase  transitions,  and  rate-dependent  effects  are  ignored,  the 

41 


problem  can  be  treated  as  the  intersection  of  two  fluid  flows.  Obviously 
this  treatment  neglects  the  main  problems  of  interest,  but  it  gives  an 
approximate  view  of  the  general  behavior  of  the  wedge-projectile  system. 

By  treating  the  material  as  a fluid,  so  that  no  stress  deviators  are 
allowed,  shear  waves  cannot  be  produced.  Therefore  the  main  assumption  is 


interactions  of  the  shocks  with  any  of  the  material  boundaries  other  than 
the  impacting  surfaces  are  considered. 

The  problem  can  be  most  easily  analyzed  from  a reference  frame  in 
which  the  point  of  contact  between  the  target  and  projectile  is  at  rest, 
shown  in  Fig.  2.1.  In  the  laboratory  frame,  or  unprimed  frame,  this  point 


moves  down  the  face  of  the  target  with  speed  Vp/sin  a.  In  the  primed  frame, 


the  contact  point  is  at  rest.  Thus  the  velocity  components  of  the  contact 
point  in  the  unprimed  frame  are 

Vx  = -Vp/tan  a (2.1) 

Vy  = "Vp  (2.2) 

This  gives  the  velocity  of  the  primed  frame  with  respect  to  the  unprimed 
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frame.  In  general,  if  the  primed  coordinate  system  has  velocity  Vx  and  V 


in  the  jnprimed  system,  the  velocity  transformation  equations  are 


x'  = x - Vv 


y - v. 


(2.3) 

(2.4) 


Since  the  target  is  at  rest  in  the  unprimed  system  and  the  projectile  has 
velocity  Vp  in  the  -y  direction,  their  velocities  in  the  primed  system 


become 


projectile:  x'  = 0 - (-Vp/tan  a)  = Vp/tan  « 

y'  = (-vp)  - (-vp)  = o 

target:  x‘  = 0 - (-Vp/tan  a)  = Vp/ten  a 


y' 


o - (~Vp)  « vp 


(2.5) 

(2.6) 

(2.7) 

(2.81 


The  angle  $ made  by  the  target  velocity  with  the  x'  axis  is 

$ = tan"1  C Vp/ ( Vp/tan  a)]  = a 

The  magnitude  of  the  target  velocity  V t in  the  primed  frame  is 

I Vt | = ^Vp/tan  a)*  + Vp2  = Vp/sin  a 


(2.9) 


(2.10) 


In  the  system  at  rest  with  respect  to  the  point  of  contact  the  configuration 
becomes  that  shown  in  Fig.  2.2. 

To  analyze  this,  consider  a coordinate  system  in  which  a shock  is  at 
rest  and  the  incoming  flow  is  inclined  at  some  angle  9,  as  in  Fig.  2.3.  The 
regular  jump  conditions  apply  to  the  normal  components  of  the  flow,  and  the 
tangential  components  of  the  flow  are  unchanged. 
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The  mass  and  momentum  jump  conditions  for  the  normal  components  are: 


Conservation  of  mass:  pQqon  = q-j n (2.11) 

Conservation  of  momentum:  P1  - PQ  = PQqon(qon  - q]n)  (2.12) 

It  can  be  seen  from  Eq.  (2.12)  that  since  the  pressure  P1  behind  the  shock  is 
greater  than  that  in  front,  the  incoming  flow  velocity  is  greater  than  that 
behind  the  shock.  As  shown  in  Fig.  2.4,  the  magnitude  of  the  flow  is  de- 
creased and  the  flow  is  turned  through  an  angle  6. 

The  governing  equations  are 

1)  Conservation  of  mass 

po%n  = pl^ln  (2-13) 

or 

P0q0  sin  e = p i q -j  sin  (9-6)  (2.14) 


2)  Conservation  of  momentum 

^1  “ Po  po^on^on  " qln^ 

= PoqQ  sin  e[qQ  sin  e 

3)  Compatibility  in  tangential  direction 


q1  sin(e-6)] 


(2.15) 


v = qit  <2-16> 

or 

qQ  cos  9 = q1  cos(e-S)  (2.17) 

44 

If  the  Huror. iot,  or  R-H  curve,  of  the  material  is  added  in  the 
form  of  a U$-Up  relation, 

us  3 A + B U , (2.18) 

where  Us  is  shock  speed  relative  to  the  material  ahead,  and  Up  is  the  change 
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in  particle  velocity  across  the  shock,  the  problem  can  be  solved.  In  this 
case  the  shock  moves  parallel  to  itself  with  velocity  qQsine  relative  to  the 
material  ahead,  and  the  change  in  particle  velocity  is 


%n  - ^ln  = qo  S1‘n  6 " ql  sin(0-6) 


(2.19) 


The  Hugoniot  equation  is 


qQ  sin  9 = A + B[q0  sin  e - q1  sin(e-6)] 


(2.20) 


Dividing  by  qQBsine 


1 - q-j  sin(e-6)/(qQ  sin  e)  = 1/B  - A/(B  qQ  sin  e) 


(2.21) 


From  Eq.  (2.17) 


q]/qQ  = cos  9/ [cos  (e-fi)] 


(2.22) 


[1  -A/ (qQ  sin  e)]/B  = 1 - [tan  ( e-6 )/tan  e] 


(2.23) 


Given  q and  0,  this  can  be  solved  for  6,  and  then 


q1  = qQ  cos  9/[cos  (0-6)] 


(2.24) 


Given  0 and  q the  flow  behind  the  shock  can  be  found.  Holdinq  a constant 
0 3 0 

and  letting  9 vary  yields  the  locus  of  endpoints  of  q^  for  different  0, 

45 

which  is  called  a shock  polar,  Fig.  2.5.  If  9 equals  90  degrees,  there  is 
a one-dimensional  shock  and  no  turning,  so  0 equals  0.  As  e decreases,  q^ 
increases  while  5 increases  to  a maximum  value  and  then  decreases  again  to 
zero  for  the  value  9m^n  for  which  the  shock  speed  qQsine  is  eaual  to  the 
sound  velocity  and  there  is  no  shock,  so  that  q^  is  equal  to  qQ  and  again 
6 equals  0. 


1 


The  curved  line  in  Fig.  2.5  shows  the  locus  of  all  flows  that  can  be 
reached  by  a shock  for  an  incoming  flow  velocity  qQ.  5C  is  the  maximum  angle 
through  which  a flow  of  qQ  can  be  turned.  Applying  this  to  the  shot  config- 
uration of  Fig.  2.2,  shock  polars  can  be  drawn  for  each  of  the  incoming  flows. 
Fig.  2.6.  The  target-projectile  interface  will  be  turned  at  some  angle 
depending  on  the  direction  of  the  flow  behind  the  shocks.  The  pressure 
behind  the  shocks  must  be  the  same  in  target  and  projectile  and  the  flow  in 
each  region  must  be  parallel  to  the  interface,  so  that  the  materials  do  not 
separate.  Looking  more  closely  at  the  shock  polars,  as  in  Fig.  2.7,  it  may 
be  seen  that  for  the  pressures  to  be  equal  and  the  flows  to  be  parallel  there 
must  be  a single  line  which  intercepts  point  of  equal  pressure  on  each  shock 
polar.  If  P1  and  P are  such  points,  the  flow  velocities  are  of  magnitude 
q^  and  q^ ' . Thus  the  flow  velocities  may  be  of  different  magnitude  so  that 
there  is  slip  along  the  interface.  Obviously  if  the  configuration  is  such 
that  the  angle  a between  the  incoming  flows  is  greater  than  the  sum  of  the 
two  critical  angles  5C  and  5C ' , as  in  Fig.  2.8,  a shock  cannot  turn  the  flows 
so  that  they  are  parallel  to  the  interface,  and  stable  flow  cannot  exist.  So 
for  a given  projectile  velocity,  there  is  a maximum  wedge  angle  a for  which 
stable  flow  can  occur. 

This  analysis  points  out  two  restrictions  on  the  wedge  angle  and 
projectile  velocity  in  order  to  assure  stable  flow.  The  incoming  flow  veloci- 
ties must  be  greater  than  the  shock  velocity,  and  the  sums  of  the  critical 
angles  for  the  two  f'ows  must  be  greater  than  the  wedge  angle. 

Variables  behind  the  shock  can  be  found  graphically  by  use  of  the 
method  of  shock  polars,  or  the  problem  can  be  solved  explicitly.  Equations 
(2.15)  and  (2.17)  can  be  written  for  both  the  unprimed  and  primed  flows. 


-\ 
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There  also  exists  a Us-Up  relation  for  each  material  plus  the  two  equations 


6 + &'  = a (2.25) 

and 

P-,  = Pt  ' (2.26) 

yielding  eight  equations  in  the  variables  q1 , 6,  6,  P^  , q^ ' , 9',  6',  and 
P^ ' . These  equations  may  be  reduced  to  two  involving  only  9 and  91. 

Appendix  A gives  the  listing  of  a program  that  solves  these  simultaneous 

. 46 

equations  by  Newton-Raphson  iteration. 

This  program  yields  the  values  of  all  variables  behind  the  two  shocks 

created  by  the  intersecting  flows.  Figure  2.9  shows  the  flow  variables  which 

the  program  yields  when  a,  q^,  and  q ' are  given.  This  provides  a simple 

method  for  rapidly  estimating  the  pressures  and  particle  velocities  produced 

for  a given  wedge  angle  and  projectile  velocity. 


^~r  Kn  wt  » 


3.  EXPERIMENTAL  METHOD 

Designing  experiments  basically  requires  choosing  wedge  angle  and 
impactor  velocity.  Choices  are  made  to  assure  stable  supersonic  flow  with 
desired  pressure  level  in  the  wedge.  In  addition  effects  of  stress  relaxa- 
tion in  transforming  materials  on  the  shock  waves  and  free  surface  motion 
should  be  estimated;  estimates  of  free  surface  velocities  are  also  helpful. 

Choice  of  wedge  angle  and  impactor  velocity  for  given  materials  was 
made  using  computer  analysis  (hydrodynamic)  described  in  Chapter  2. 

One  obtains  curves  like  those  shown  in  Fig.  3.1  for  aluminum  on  potas- 
sium chloride  (low  pressure  phase).  Curvature  at  low  pressure  end  cf 
the  curves  indicates  onset  of  instability.  In  addition  free  surface  veloc- 
ity was  estimated  by  adding  a calculation  of  flow  through  a Prandtl -Meyer 
20 

rarefaction.  For  polymorphic  materials  calculations  were  done  separately 
for  each  phase;  phase  II  calculations  were  hence  in  error  but  still  useful 
for  design  purposes. 

For  stress  relaxation  associated  with  phase  transitions  it  is  of 
interest  to  estimate  the  separation  of  phase  I and  II  waves  and  characteristic 
length  along  which  stress  relaxation  takes  place  on  the  phase  I wave;  one 
would  like  to  make  the  measurement  of  free  surface  velocity  due  to  the 
phase  I wave  before  disturbance  from  the  phase  II  wave  arrives  at  that  posi- 
tion as  well  as  have  an  idea  at  what  position  free  surface  velocity  changes 
due  to  stress  relaxation  will  be  manifested.  Computational  results  for 

stress  relaxation  in  KC1  are  displayed  iri  Figs.  3.2  and  3.3;  computations 

2 

are  based  on  analysis  given  in  a previous  report. 
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At  the  wedge  tip  one  alsd  needs  to  consider  what  happens  as  impact 
disturbance  reaches  the  tip  and  reflects  as  a rarefaction.  For  some  dis- 
tance back  from  the  tip  the  rarefaction  will  disturb  free  surface  motion 
before  ribbon  shorting  is  completed  at  that  position,  placing  a limit  on 
the  domain  of  unperturbed  velocity  measurements. 

3.1  Resistance  Wire  Technique 

The  resistance  wire  technique  for  measuring  particle  velocity  at  the 
wedge  free  surface  as  a function  of  position  along  the  wedge  is  described  in 
Section  1.2.2.  The  position  of  the  contact  point  between  wedge  and  wire  is 
followed  by  monitoring  the  changing  resistance  of  the  wire  as  the  contact 
point  moves  down  the  wire  and  shorts  it  out.  If  a single  wire  is  used,  this 
position  history  may  be  differentiated  to  yield  the  velocity  of  the  contact 
point  along  the  wire.  However,  if  two  wires  having  different  offsets  are 
used,  a quantity  may  be  measured  which  is  related  to  the  particle  velocity 
at  the  wedge  free  surface. 

The  resistance  wire  technique  records  the  position  history  of  the 
contact  point  between  the  wedge  and  the  resistance  wire  by  monitoring  the 
resistance  of  the  wire.  The  resistance  at  any  given  time  is  equal  to  the 
length  of  wire  left  unshorted  times  the  resistance  per  unit  length  of  the 
wire.  Knowing  the  present  resistance  and  the  original  length  of  the  wire 
determines  ho w much  of  the  wire  has  been  shorted  out  and  thus  the  position 
of  the  contact  point  along  the  wire.  The  position  of  the  contact  point  must 
be  given  in  terms  of  a coordinate  which  specifies  its  location.  One  such 
coordinate  would  be  distance  along  the  wire.  Thus  the  position  of  the 
contact  point  would  be  specified  by  the  length  of  wire  shorted  out.  However, 
what  is  of  interest  is  the  position  of  the  contact  point  in  relation  to  the 
wedge.  Since  the  wire  extends  past  either  end  of  the  wedge,  the  length  of 
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wire  shorted  out  does  not  specify  the  position  of  the  contact  point  in  rela- 
tion to  the  wedge. 


The  coordinate  which  will  be  used  to  specify  the  position  of  the 
contact  point  will  be  the  distance  x along  the  original  wedge  free  surface. 
Thus  x will  be  zero  at  one  end  of  the  wedge  and  be  equal  to  the  wedge  length 
at  the  other  end.  The  length  of  wire  shorted  out  may  be  related  to  x by 
knowing  the  distances  that  the  wire  extends  past  either  end  of  the  wedge. 

All  points  on  a line  normal  to  the  original  wedge  free  surface  and  passing 
through  wedge  position  x will  also  have  coordinate  x.  Thus  when  the  contact 
point  is  said  to  be  at  wedge  coordinate  x,  it  is  meant  that  a line  through 
the  contact  point  normal  to  the  original  wedge  free  surface  will  intersect 
the  original  position  of  the  wedge  free  surface  at  coordinate  x.  x is  essen 
tially  a Lagrangian  coordinate  in  that  it  gives  positions  relative  to  the 
original  location  of  the  wedge  free  surface  and  not  to  its  present  position. 
The  measured  free  surface  velocity  at  wedge  coordinate  x is  the  distance 
between  two  wires  divided  by  the  difference  in  time  between  the  contact 
point  on  wire  1 being  at  wedge  coordinate  x and  the  contact  point  on  wire  2 
being  at  wedge  coordinate  x. 

The  measured  free  surface  velocity  is  not  equal  to  the  actual  free 
surface  velocity  if  points  on  the  wedge  free  surface  do  not  have  velocities 
normal  to  the  original  wedqe  free  surface.  In  Fig.  3.4  point  P^  on  the 
wedge  free  surface  has  contacted  the  wire  with  offset  D-j  at  wedge  coordinate 
X^ . If  the  velocity  of  point  were  normal  to  the  original  wedge  free 
surface,  point  P^  would  also  contact  the  wire  with  offset  D,,  at  wedge 
coordinate  x-j . However,  if  the  velocity  of  P^  is  net  normal  to  the  original 
wedge  free  surface,  a different  point,  say  P^,  will  contact  the  wire  with 
offset  at  wedge  coordinate  x, . This  will  occur  at  time  t + 5t.  At  this 
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V. 


ce  wire  monitor  for  free  surf. 


time  point  P-j  on  the  free  surface  will  not  be  a contact  point  with  wire  c. 

In  the  time  fit  the  distance  moved  by  point  P-j  will  be  |Vave|fit  where  Vave  is 
the  time  average  of  the  velocity  of  point  P^  during  the  time  fit,  which  is 
just  the  vector  from  point  P-j  at  t to  point  P1  at  t + fit.  Vave  makes  an 
angle  e with  the  normal  to  the  original  free  surface.  The  angle  made  by 


the  line  joining  points  P2  and  P1  on  the  free  surface  at  time  t + <5t  and 


wire  2 is  y. 


To  produce  a free  surface  velocity  from  the  resistance  wire  data. 


the  data  is  reduced  as  though  points  on  the  wedge  free  surface  do  have 


velocities  normal  to  the  original  free  surface.  Thus  the  measured  velocity 


of  the  free  surface  at  wedge  coordinate  x is  V which  is  normal  to  the  orig- 


inal free  surface  and  has  magnitude 


V „ °2  - Dl 
* fit 


(3.1) 


This  can  be  related  to  the  actual  time  averaged  velocity  of  point  P^  by  use 


of  the  law  of  sines. 


v . Vave  c°s<9-*> 

COS  y 


(3.2) 


If  the  points  on  the  free  surface  do  not  have  velocities  normal  to 


the  original  wedge  free  surface,  the  same  point  on  the  wedge  free  surface 


does  not  contact  both  wires  at  the  same  wedge  coordinate,  and  the  measured 


velocity  is  not  equal  to  the  actual  time  averaged  velocity  of  either  of  the 


two  points  which  do  contact  the  wires  at  that  wedge  coordinate.  Although  it 


would  be  desirable  to  follow  the  history  of  a single  point  on  the  free  surface, 


the  measured  quantity  is  unimportant  so  long  as  it  is  understood  exactly  what 


is  being  measured.  A computer  code  can  simulate  the  same  resistance  wire 


records  that  are  produced  in  the  experiment. 
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Even  though  the  measured  velocity  is  not  that  of  a single  point  on 

the  free  surface,  the  discrepancy  is  not  large.  In  Fig.  3.4  the  deflection 

angle  of  the  free  surface  is  greatly  exaggerated.  This  angle  would  normally 

be  less  than  10  degrees.  The  ratio  of  V to  V has  its  maximum  when  9 is 

ave 

equal  to  y,  at  which  point  the  ratio  is  equal  to  sec  y.  As  0 increases  to 
2y  the  ratio  decreases  back  to  1 . If  y is  equal  to  10  degrees,  V is  1.5% 
greater  than  V at  the  maximum.  In  most  cases  of  interest  the  measured 
value  of  velocity  is  within  a few  percent  of  the  true  time-averaged  value, 
even  though  the  value  of  0 is  not  found  by  this  method. 

It  is  also  possible  to  measure  the  average  angle  of  free  surface 
deflection  by  use  of  the  two-wire  technique.  The  deflected  free  surface  may 
not  be  a straight  line  if  rate-dependent  effects  are  involved,  but  at  any 
time  t the  wedge  coordinates  x-j  and  x2  of  the  two  contact  points  are  known. 
The  tangent  of  the  average  angle  of  deflection  5 of  the  free  surface  between 


the  two  wires  is  then 


6 = (D2  - D1)/(x2  - X-j ) 


Changes  in  any  of  the  measured  quantities  will  reflect  unsteady 


(3.3) 


/<«<•  *■ 


behavior,  and  a computer  simulation  of  the  resistance-wire  data  can  be  used 
to  identify  the  rate-dependent  effects  involved. 

3_._2_  Circuitry  a id  Elec tronics 

In  order  to  monitor  the  position  of  the  contact  points  between  the 
wedge  and  the  wires,  the  wires  are  made  part  of  the  voltage  divider  network 
shown  in  Fig.  3.5.  The  relation  of  the  wires  to  the  target  is  shown  in 
Fig.  3.6.  The  wire  is  stretched  between  two  terminals.  The  terminal  nearest 
the  high  end  of  the  wedge  is  at  ground,  as  is  the  wedge.  The  other  terminal 
is  at  voltage  V^.  The  variable  resistance  shown  in  Fig.  3.5  consists  of  the 
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Fig.  3.5.  Single  wire  voltage  divider  network 


wire  and  wedge  system.  As  the  contact  point  between  wedge  and  wire  moves 
down  the  wire,  that  portion  of  the  wire  between  the  grounded  terminal  and 
the  contact  point  comes  to  ground  potential,  and  the  variable  resistance  R 
consists  of  the  resistance  in  that  portion  of  the  wire  between  the  contact 
point  and  the  ungrounded  terminal.  The  values  of  the  capacitor  C and  load 
resistor  are  chosen  so  that  the  voltage  VQ  across  the  network  stays 
effectively  constant  over  the  time  interval  of  the  experiment.  As  R 
decreases  the  voltage  VM  varies.  This  voltage  is  measured  with  an  oscillo 
scope  which  has  termination  resistance  Ry.  Thus,  VQ,  VM,  RL,  and  Ry  are 
known  at  all  times  during  the  experiment,  and  the  resistance  R is  given  by 


If  the  resistance  per  unit  length,  K,  of  the  wire  is  uniform,  and 
the  distances  in  Fig.  3.6  are  known,  the  position  of  the  contact  point  can 
be  found.  Taking  the  wedge  coordinate  x as  being  zero  at  the  tip  and 
increasing  toward  the  thick  end  of  the  wedge,  the  coordinate  of  the  contact 


where  WL,  G,  and  L are  defined  in  Fig.  3.6. 

The  average  free  surface  deflection  angle  is 


and  the  measured  free  surface  velocity  at  x is 


(3.7) 


°2  . Dt 


where  6t(x)  is  the  time  interval  between  the  contact  point  on  the  first  wire 
being  at  x and  the  contact  point  on  the  second  wire  being  at  x. 

The  above  procedure  may  be  followed  for  each  of  the  two  wires  used. 

A typical  photographic  record  of  the  oscilloscope  trace  of  the  voltage  VM 
measured  across  the  parallel  combination  of  the  variable  wire  resistance  R 
and  the  oscilloscope  termination  resistance  Rj  is  shown  in  Fig.  3.7.  The 
2N4172  SCR  is  triggered  just  prior  to  impact  so  that  the  voltage  of  the 
capacitor  appears  across  the  resistance  network.  The  oscilloscope  is 
triggered  externally  at  impact  by  use  of  a pin  placed  in  the  target.  The 
voltage  stays  constant  until  shocks  have  propagated  through  the  wedge  and 
the  free  surface  has  moved  out  to  contact  the  wire.  The  jump  is  produced 
by  the  sudden  shorting  of  a finite  length  of  the  wire  at  first  contact.  As 
the  contact  point  proceeds  down  the  wire  toward  the  wedge  tip,  the  variable 
resistance  R decreases  and  the  voltage  decreases.  As  can  be  seen  from 
Eq.  (3.4),  there  is  a non-linear  relation  between  the  resistance  R and  the 
voltage  so  that  a constant  rate  of  wire  shorting  does  not  produce  a 
voltage-time  profile  with  a constant  slope.  The  data  points  are  read  from 
the  photographic  record  by  means  of  a "ravelling  microscope  giving  horizontal 
and  vertical  coordinates  of  the  trace. 

When  the  voltage  profile  V^(t)  is  obtained,  Eq.  (3.4)  can  be  used 
to  obtain  the  resistance  history.  This  requires  that  the  quantities  Rl,  Rj, 
and  VQ  be  measured.  All  components  in  the  circuit  in  Fig.  3.2  except  the 
resistance  wire  and  the  50  ohm  cable  termination  at  the  oscilloscope  are  in 
an  external  power  supply  container.  Point  A in  Fig.  3.5  at  which  the 
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resistance  is  measured  is  on  the  target  at  the  non-grounded  wire  terminal. 
Fifty  ohm  RG58A/U  cable  runs  between  the  load  resistance  and  point  A,  and 
also  from  point  A to  the  oscilloscope.  RL  and  R.^.  are  50  ohms  to  provide 
proper  termination  of  these  cables  at  the  power  supply  and  the  oscilloscope 
for  any  signals  that  are  generated  at  the  variable  resistance.  Resistances 
R^  and  R-j.  include  the  resistances  of  these  cables  and  connections. 

The  voltage  VQ  is  the  power  supply  voltage  minus  the  approximately 
.8  volt  drop  across  the  SCR.  There  are  two  ways  of  determining  this  voltage. 
It  may  be  measured  by  use  of  an  oscilloscope  during  the  experiment.  This 
requires  the  use  of  another  oscilloscope  and  termination  resistance  from 
point  B in  Fig.  3.5  to  ground,  which  changes  the  actual  circuit.  However, 
if  VQ  is  known,  along  with  the  values  of  the  other  components  in  the  circuit, 
the  initial  value  of  Vf1  before  the  jump  in  Fig.  3.7  may  be  determined  from 
the  circuit  Eq.  (3.4).  This  may  be  used  to  calibrate  the  oscilloscope  used 
to  measure  V^.  In  this  case,  VQ  is  replaced  in  Eq.  (3.4)  by 


R R, 

V = \J  (— k + __k  f 1 ) 

vo  vMo  ^R0  Rt  u 


(3.8) 


where  V[1o  is  the  value  of  before  the  wedge  contacts  the  wire,  and  P.  is 
the  initial  resistance  of  the  wire  installed  in  the  target.  Equation  (3.4) 
then  becomes 


R(t)  = 


A A A+1)  A ! 

Wr  Ro  ’ rt  1 1 ' RT  ' 


(3.9) 


which  depends  only  on  the  ratio  of  V.>o  to  V^(t).  If  the  voltage  deflection 
is  uniform  up  and  down  the  oscilloscope  face,  then 
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(3.10) 


where  fg  Is  the  voltage  deflection  factor  of  the  oscilloscope,  hQ  is  the 
distance  on  the  scope  face  from  the  zero  voltage  line  or  baseline  to  the 
initial  voltage  level,  and  h(t)  is  the  distance  from  the  baseline  to  the 
voltage  level  at  time  t.  Thus  the  voltage  deflection  of  the  scope  need  not 
be  known. 

Alternatively,  the  scope  used  to  measure  may  be  carefully  cali- 
brated, and  the  value  of  V^0  may  be  used  to  calculate  V0  by  use  of  Eq.  (3.8). 
Either  method  requires  the  calibration  of  one  oscilloscope  and  the  use  of  it 
to  measure  a voltage. 

Once  R(t)  is  determined,  Eq.  (3.5)  yields  x(t)  once  WL,  G,  K,  and  L 
are  measured.  Determination  of  x for  both  wires  requires  measurement  of  P.^, 
V Ro>  V V VM  (t),  WL,  G,  K,  and  L for  both  wires,  x-j ( t ) and  X2(t)  are 
given  as  tabulated  data  pairs  of  X and  t.  The  data  points  are  not  generally 
read  at  matching  values  of  time  or  x coordinate,  so  that  interpolation  must 
be  used  in  order  to  find  values  of  X]  and  X£  at  the  same  time  value,  or  the 
time  values  for  which  the  contact  points  are  at  the  same  wedge  coordinate. 

A maximum  number  of  data  points  must  be  read  in  order  to  assure  adequate 
interpolation. 

After  interpolating  to  find  X2U),  x-|(t),  and  6t(x),  Eqs.  (3.6)  and 
(3.7)  yield  the  average  free  surface  deflection  angle  6 and  the  measured  free 
surface  velocity  V(x),  once  D2-D1  is  known.  However,  it  was  discovered 
that  because  of  measurement  errors,  the  above  procedure  is  inadequate  for 
determining  V(x).  Data  from  different  shots  built  to  be  as  identical  as 
possible  were  not  repeatable.  For  some  of  the  many  quantities  that  had  to 
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be  measured,  a change  in  value  of  only  one  or  two  percent  produced  a ten  or 
twenty  percent  change  in  V(x). 

The  amount  of  error  produced  depends  on  the  distance  D2~D^  between 
the  two  resistance  wires.  Because  of  the  possibility  of  quantities  changing 
in  time  due  to  rate-dependent  effects,  it  is  desirable  to  make  D2~D^  as 
small  as  possible  so  that  changes  are  not  obscured  by  the  time  averaging 
that  occurs  between  the  two  wires.  The  smaller  this  distance,  however,  the 
smaller  the  time  interval  5t(x)  that  the  free  surface  requires  to  cross  it. 
Plotting  the  contact  point  position  versus  time  as  in  Fig.  3.8,  6t(x)  is 
the  horizontal  distance  between  the  two  curves  at  constant  wedge  coordinate. 
If  at  some  point  errors  in  values  of  the  measured  quantities  have  caused 
either  curve  to  be  only  one  percent  away  from  the  true  value,  the  total 
error  in  time  at  that  point  may  be  a very  sizeable  fraction  of  6t(x).  Very 
small  errors  in  the  calculated  values  of  x(t)  could  produce  unacceptable 
error  in  <5t(x)  and  thus  V(x). 

Because  of  these  difficulties  an  alternate  data  reduction  technique 
was  devised  in  which  values  of  5 1 ( x)  are  read  directly  from  the  photographic 
record  of  the  oscilloscope  trace  so  that  none  of  the  above  measurements  or 
calculations  are  involved.  The  procedure  is  to  build  the  circuits  for  the 
two  wires  so  that  all  components  match  as  closely  as  possible.  The  single- 
wire circuit  in  Fig.  3.5  is  modified  to  become  the  two-wire  circuit  of  Fig. 
3.9.  With  this  arrangement  the  same  voltage  VQ  is  across  both  resistance 
networks.  Again,  the  values  of  the  resistances  and  capacitances  are  such 
that  VQ  is  essentially  constant  during  the  time  of  the  experiment  regardless 
of  changes  in  R^  and  R^.  Resistances  R-|  and  R^  were  matched  by  use  of  an 
Impedance  bridge  to  better  than  .002  ohms.  Special  terminations  were  built 
whose  resistances  also  matched  to  the  same  accuracy.  Leads  and  cables  were 
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Fig.  3.9  Two  wire  voltage  divider  network 


\ A 


all  matched  to  the  same  length.  The  targets  were  built  so  that  both  wires 
had  the  same  length  when  mounted  so  that  and  Rq2  matched  to  within  .01 
ohms.  By  carefully  building  the  circuits  to  be  identical,  the  initial 
voltages  V^o  and  can  be  made  to  match  to  better  than  .01%.  If  the 
values  of  R^  R^.,  and  VQ  in  Eq.  (3.4)  are  the  same  for  both  circuits,  along 
with  the  values  of  WL,  G,  K,  and  L in  Eq.  (3.5),  then  identical  values  of 
VM1  (t)  and  VM2(t)  will  yield  the  same  values  of  x-j(t)  and  ^(t). 

/ 

Voltages  V^(t)  and  V^(t)  are  measured  on  a Tektronix  7844  dual -beam 
oscilloscope  on  which  both  beams  can  be  swept  by  the  same  time  base.  Signals 
from  the  two  wires  go  through  different  vertical  amplifiers  whose  gains  and 
baselines  can  be  set  so  that  the  traces  are  superimposed  on  the  screen  when 
identical  signals  are  introduced  at  each  input.  With  this  system  each  point 
on  the  screen  corresponds  to  the  same  time  and  same  voltage  for  both  traces. 
Since  equal  voltages  correspond  to  equal  wedge  coordinates,  all  that  is 
required  to  measure  5t  is  to  calibrate  the  time  base  by  use  of  timing  marks 
and  read  the  horizontal  distance  between  the  two  traces  at  equal  vertical 
displacements.  The  time  calibration  is  used  to  determine  St  from  this  distance. 

With  this  procedure  none  of  the  actual  values  of  any  of  the  quantities 
RL,  Rj,  R0,  V0,  WL,  G,  K,  or  L for  either  of  the  two  wire  systems  need  be  used 
in  the  calculation  of  St  so  long  as  care  is  taken  to  see  that  corresponding 
values  match  as  closely  as  possible  between  the  two  systems.  To  insure  that 
they  do,  the  initial  values  of  voltages  and  can  be  compared  with  a 
differential  amplifier.  Since  the  wire  length  L and  resistance  per  unit 
length  K combine  to  produce  Rq,  and  Rq^  matches  Rq2  if  the  initial  voltages 
match,  the  only  other  quantities  of  concern  are  the  wedge  lengtn  WL,  and 
distance  G from  the  wedge  end  to  the  ground  terminal  on  the  wire.  WL  is 
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naturally  the  same  for  both  wires  and  the  target  can  be  easily  built  so 
that  the  values  of  G match. 

This  procedure  also  has  the  advantage  that  voltage  calibrations  of 
the  oscilloscope  have  no  role  in  the  determination  of  5t.  So  long  as  a 
given  vertical  displacement  corresponds  to  the  same  voltage  for  each  beam, 
the  value  of  the  voltage  is  unimportant.  In  fact,  the  deflection  factor 
need  not  be  constant  up  and  down  the  scope  face  so  long  as  it  is  the  same 
everywhere  for  both  beams. 

Thus,  with  the  use  of  matching  systems  and  a dual -beam  oscilloscope, 
the  values  of  6t  may  be  read  directly  from  a single  photographic  record,  and 
the  measured  velocity  V may  be  determined  immediately  at  each  desired  vert- 
ical position  on  the  record.  Since  no  interpolation  needs  to  be  done,  it  is 
not  necessary  to  read  a large  number  of  data  points.  In  order  to  pair  each 
value  of  measured  velocity  with  the  wedge  position  at  which  it  occurred, 

Eqs.  (3.4)  and  (3.5)  may  be  used  to  determine  x(t)  for  one  of  the  two  traces. 
Then  V(x)  will  be  given  as  pairs  of  values  of  V and  x.  It  is  necessary  to 
know  the  values  of  R^,  Rj,  VQ,  WL,  G,  K,  and  l to  determine  x(t),  but  sir.e 
x(t)  is  to  be  used  as  given  and  not  differenced  with  another  position  history, 
there  is  no  problem  produced  by  the  small  errors  that  may  be  present  in  x(t). 

Figure  3. 10  shows  a record  obtained  in  a two-wire  experiment  utilizing 
matching  systems  and  a dual -beam  oscilloscope.  Nominal  values  for  the  com- 
ponents in  the  circuit  of  Fig.  3.6  are  50  ohms  for  the  load  and  termination 
resistances,  500  mi^r  i-farads  for  the  capacitor,  and  33  ohms  for  the  resis- 
tance wires.  The  initial  value  of  is  about  four  volts,  given  that  the 

power  supply  voltage  is  15V  and  there  is  approximately  .3  volt  drop  across 
the  SCR.  The  wire  is  a ribbon  .003  inches  wide  by  .0005  inches  thick  with 
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Fig.  3.10  Resistance  wire  record  using  dual  beam 
oscilloscope 
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a composition  of  92Z  platinum  and  8%  tungsten  and  a resistance  per  unit 
length  of  6.48  ohms  per  centimeter. 

A schematic  of  the  electronic  set-up  used  in  the  shots  with  the 
dual-beam  oscilloscope  is  shown  in  Fig. .3. 11.  The  SCR  is  triggered  by  the 
output  of  the  first  velocity  pin  which  is  about  four  centimeters  from  the 
high  point  of  the  wedge.  Depending  on  the  projectile  velocity  the  voltage 
VQ  will  appear  across  the  resistance  network  40  to  80  microseconds  before 
impact.  The  power  dissipated  in  the  wires  is  about  one-naif  watt  so  there 
is  no  problem  with  wire  heating.  The  oscilloscope  is  triggered  externally 
from  a trigger  pin  set  flush  with  the  high  end  of  the  wedge.  The  total 
duration  of  the  experiment  depends  on  the  wedge  angle  and  projectile  veloc- 
ity, but  is  usually  about  five  microseconds. 

3.3  Wedge  and  Target  Preparation 

The  largest  wedge  which  may  be  used  with  the  four  inch  diameter 
WSU  gas  gun  is  approximately  2.8  inches  square.  All  wedges  used  to  date 
have  been  1.75  inches  square.  The  wedge  angles  which  have  been  used  are 
four  and  five  degrees.  In  order  to  prepare  the  wedges  a jig  is  first  manu- 
factured whose  top  face  makes  the  proper  angles  with  its  bottom  surface. 
Blocks  of  the  wedge  material  are  screwed  to  the  face  of  the  jig  and  the 
block  is  then  milled  parallel  to  the  bottom  surface  of  the  jig.  Milling 
continues  until  the  wedge  tip  is  near  the  desired  thickness.  While  still 
fixed  to  the  jig,  the  top  surface  of  the  wedge  is  then  lapped  preferentially 
until  the  wedge  surface  is  parallel  to  the  jig  back  surface  to  an  acceptable 
degree.  This  is  checked  by  using  a 400  power  microscope  with  a depth  of 
field  less  than  one  micron  and  a dial  indicator  attached  to  the  lens  to 
measure  the  difference  in  distance  from  the  bottom  of  the  jig  to  the  top  of 
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Fig.  3.11.  Electronic  setup  for  resistance  wire  shot  using  dual  beam 
osci 1 loscope 
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the  wedge  surface  over  the  area  of  the  wedge.  This  difference  is  held  to 
a maximum  of  two  microns,  If  the  wedge  material  is  an  electrical  conductor, 
it  is  then  ready  to  be  mounted  in  the  target.  If  it  is  a non-conductor,  a 
conducting  film  must  be  deposited  on  the  back  surface  of  the  wedge  in  order 
to  short  the  resistance  wires.  The  KC1  wedges  used  had  a gold  film  approxi- 
mately 1.3  microns  thick  vacuum  evaporated  on  the  back  surface. 

The  target  assembly  is  a one  piece  structure  machined  from  a block 
of  6061-T6  aluminum.  As  can  be  seen  in  Fig. 3. 12,  the  target  is  six  inches 
in  diameter.  The  rim  of  the  impact  side  is  the  target  mounting  surface. 

This  fits  flush  against  the  target  holder  fixed  to  the  end  of  the  gun  barrel. 
The  target  holder  is  mechanically  aligned  to  lie  in  a plane  perpendicular  to 
the  axis  of  the  gun  barrel.  The  flange  around  the  outside  of  the  target  is 
used  to  clip  the  target  to  the  target  holder.  The  wedge  mounting  surface 
is  recessed  below  the  target  mounting  surface  slightly  more  than  the  wedge 
thickness.  The  wedge  is  secured  to  the  wedge  mounting  surface  by  use  of  the 
same  screw  holes  used  to  hold  the  wedge  in  the  jig.  There  is  an  opening 
directly  underneath  the  wedge  so  that  it  is  supported  only  along  the  outside 
edges.  The  distances  from  the  points  of  support  to  the  wires  are  such  that 
no  signals  from  these  points  can  interfere  with  the  wire  shorting.  At  either 
end  of  the  opening  steps  are  cut  into  the  wedge  mounting  surface  to  depths 
equal  to  the  offsets  desired  for  the  two  wires.  At  the  end  at  which  the 
wire  is  to  be  grounded  the  steps  are  cut  directly  into  the  aluminum  target. 

At  the  other  end  a block  of  insulating  material  is  inserted  into  the  wedge 
mounting  surface  and  the  steps  are  cut  into  this.  The  target  mounting 
surface,  wedge  mounting  surface,  and  wire  mounting  steps  are  all  machined 
without  moving  the  target  in  its  holding  device  on  the  mill  so  that  all 
should  be  in  parallel  planes.  Figure  3.13  shows  the  target  dimensions  and 
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Fig.  3.13.  Target  dimensions,  all  dimensions  are  in  inches 
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Fig.  3.14  shows  front  and  rear  views  of  a target  block  before  the  wedge  and 
wires  are  attached. 

Figure  3.15  shows  how  the  wires  are  mounted  in  the  target.  There  is 
enough  distance  between  the  wires  so  that  the  contact  of  the  wedge  with  the 
first  will  not  affect  the  second.  The  wires  are  attached  by  inserting  them 
through  tapered  holes  and  securely  fitting  tapered  pins  into  the  holes.  At 
the  grounded  end  the  wire  goes  through  an  opening  in  the  target  just  beyond 
the  step  and  is  inserted  into  holes  which  taper  toward  the  impact  side  of 
the  target.  Between  the  step  and  the  hole  is  the  wire  tightening  device 
illustrated  in  Fig.  3.1b.  At  the  other  end  the  wire  must  r|ot  come  into  con- 
tact with  the  grounded  wedge  so  the  wire  is  secured  with  the  assembly  shown 
in  Fig.  3.17.  On  the  non-impact  side  of  the  target  a block  of  insulating 
material  is  mounted  over  the  opening  beyond  the  non-grounded  step.  In  this 
block  are  copper  rods  into  which  the  tapered  holes  are  placed.  In  this  case 
the  taper  is  toward  the  non-impact  side,  and  the  point  at  which  the  wire 
enters  the  rod  is  below  the  insulated  step.  The  leads  which  run  to  the 
power  supply  and  to  the  oscilloscopes  are  soldered  to  these  rods  on  the  non- 
impact side  of  the  wedge. 

In  order  to  insure  that  the  wires  make  a good  electrical  contact 
with  the  grounded  steps,  the  steps  and  wires  are  coated  with  conducting 
silver  paint.  Care  is  taken  to  see  that  the  paint  extends  precisely  to 
the  edge  of  the  step  and  does  not  run  over  onto  the  wires  beyond  the  step. 
This  not  only  insures  * good  contact  of  the  wire  to  the  wedge  but  establishes 
an  exact  ground  point  at  which  the  resistance  of  the  wire  begins.  This  is 
important  in  establishing  the  initial  wire  length  L and  gap  distance  G. 

Before  the  wires  are  mounted  they  are  washed  in  an  acetone  and  then 
alcohol  bath  in  order  to  remove  grease.  The  wire  is  then  loosely  stretched 
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Fig.  3.14.  Uncompleted  target  assembly. 

(a)  Rear  view  (b)  Front  view 


Ground 


across  the  steps  and  secured  at  either  end  with  the  tapered  pins.  Before 
tightening,  the  wires  are  checked  on  a microscope  with  a travelling  stage 
to  insure  that  they  run  parallel  to  the  length  of  the  wedge.  Using  the  400 
power  microscope  with  focal  length  of  less  than  one  micron  and  attached  dial 
indicator  they  are  tightened  until  the  wire  is  snug  against  the  steps.  They 
are  then  checked  over  their  length  for  sag  between  the  steps  and  side  to 
side  tilt.  The  sag  and  tilt  are  typically  kept  to  within  two  microns.  The 
wedge  is  then  cleaned  and  mounted  and  the  same  microscope  is  used  to  measure 
the  distance  from  the  wires  to  the  wedge  rear  surface  in  order  to  insure 
that  the  wires  run  parallel  to  the  wedge  rear  surface.  The  change  in  this 
distance  over  the  length  of  the  wire  is  typically  held  to  within  two  microns. 
If  the  wires  are  properly  in  place,  they  are  painted  with  conducting  paint  at 
the  grounded  steps. 

In  the  early  shots  a difficulty  was  encountered  with  noisy  signals. 
They  would  be  smooth  and  clean  for  approximately  the  first  half  of  the 
record  and  then  break  into  noise  and  irregular  oscillations.  There  are 
several  openings  from  the  impact  side  of  the  target  to  the  opposite  side  on 
which  the  wires  are  exposed,  and  it  was  felt  that  a possible  explanation  for 
the  noisy  signals  was  that  metal  particles  generated  by  jetting  occurring 
during  the  impact  of  the  trigger  pin  were  creating  a conducting  plasma  in 
the  region  between  the  wires  and  the  wedge.  Whatever  the  actual  cause  of  the 
noise,  it  stopped  when  all  openings  through  the  target  were  sealed  off.  Thus, 
the  final  step  in  target  preparation  is  to  seal  off  any  paths  through  the 
target.  This  is  accomplished  by  placing  thin  cover  plates  over  tne  openings 
at  the  tip  and  high  end  of  the  wedge  and  sealing  them  to  the  wedge  and  tne 
target  with  epoxy.  Figure  3.18  shows  front  and  rear  views  of  a completed 
target. 
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Fig.  3.18.  Completed  target  assembly. 

(a)  Rear  view  (b)  Front  view 


Since  the  wedge  mounting  surface  is  recessed  below  the  target  mount- 
ing surface,  the  projectile  must  have  the  outer  rim  of  its  impact  face 
recessed  from  the  center  of  the  impact  face  by  an  equal  amount  so  that  the 
projectile  will  not  strike  the  target  mounting  surface  before  the  entire 
surface  of  the  wedge  has  been  impacted.  The  projectile  grounding  pin  and 
oscilloscope  trigger  pin  must  be  placed  close  enough  to  the  wedge  so  that 
they  are  impacted  by  the  protrudent  center  of  the  projectile.  However, 
they  must  be  far  enough  from  the  wedge  so  that  signals  in  the  projectile 
from  the  pin  impacts  will  not  interfere  with  the  wedge  impact.  Thus  the 
pins  must  be  located  behind  the  high  side  of  the  wedge. 

3.4  Error  Analysis 

Given  a description  of  the  resistance  wire  technique  for  measuring 

free  surface  velocity,  the  next  step  is  to  consider  the  sources  of  error  in 

the  experiment  and  the  effect  they  will  have  on  the  outcome.  Papers  on  the 
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slanted  resistor  technique  ’ for  determining  free  surface  motion  in  one 
dimension  consider  the  possible  errors  involved  in  that  technique  and  many 
also  apply  to  the  present  technique. 

The  major  restriction  is  that  the  velocity  of  the  contact  point 
along  the  wire  must  be  greater  than  wave  speed  in  the  wire.  This  insures 
that  no  signals  will  propagate  ahead  of  the  contact  point  into  the  wire, 
changing  its  resistance  or  altering  its  position.  Other  sources  of  error 
fall  into  five  categories  which  are  considered  in  the  following  sections. 

3.4.1  Errors  in  Circuit  Analysis 

The  first  and  most  obvious  source  of  error  is  the  assumption  that  the 
circuits  for  the  two  wires  are  identical.  Even  though  the  components  are 
made  to  match  as  closely  as  possible,  there  are  differences.  It  is  necessary 


to  know  how  differences  in  the  components  will  affect  the  problem  so  a 
decision  can  be  made  as  to  how  large  a difference  is  allowable.  The  circuit 
can  be  tested  before  the  shot  by  triggering  the  SCR  and  comparing  the  voltages 
across  the  two  wires  with  a differential  amplifier.  It  must  be  known  how 
large  a voltage  difference  can  be  allowed  if  a given  error  limit  is  to  be 


observed . 


From  Eqs.  (3.4)  and  (3.5),  the  position  of  the  contact  point  is 
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Therefore  if  the  positions  of  the  two  contact  points  are  equal, 
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The  assumption  is  that  when  Xo  is  equal  to  x-j , 1s  equal  to  . However, 
from  Eq.  (3.12) 
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This  exDression  gives  the  exact  values  of  VMO  and  V.,,  for  which  x0  is  eoual 
3 M2  Ml  2 

to  . Naturally,  when  all  components  match  identically,  Eq.  (3.13)  reduces  to 


VM2  5 VM1 


(3.14) 


/ V*  . 


' ; -t 


r 


wy 


for  x„  equal  to  x^ . However,  if  the  components  do  not  match  identically, 
the  voltages  will  be  unequal  when  X2  = X^ . In  that  case,  referring  to 
Fig.  3.19,  <st  should  not  be  taken  as  the  time  between  points  of  equal  voltage 
on  the  two  traces,  but  as  the  time  between  VM2  and  for  which  X2  is  equal  to 

. The  true  time  difference  would  be  6ty  between  and  rather  than  the 

measured  difference  <5t^  between  points  of  equal  voltage.  The  error  6tg 
depends  on  the  slope  of  the  trace.  If  the  trace  is  vertical  <$te  will  be  zero 
for  all  6V,  while  the  flatter  the  trace,  the  larger  6tg  for  a given  6V.  If 
M is  the  slope  of  the  straight  line  joining  VfJ,2  and  on  trace  2,  then 


at  = sv/m 
e 


(3.15) 


If  only  6t  is  assumed  to  be  in  error  on  the  right  hand  side  of  Eq.  (3.1), 
then  the  percentage  error  in  the  measured  velocity  V is  the  same  as  that  in 
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In  order  to  estimate  the  effects  of  errors,  Eq.  (3.13)  is  used  to 
find  the  value  of  V^2  which  should  be  paired  with  for  time-differencing 
purposes.  Equation  (3.15)  then  gives  the  error  in  the  measured  time  differ- 
ence. 

The  above  procedure  may  be  used  to  calculate  the  error  produced  by 
the  differences  between  R,  , and  R,  0 and  between  RT1  and  P.T0.  If  all  other 
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quantities  match,  Eq.  (3.13)  becomes 
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RL2  RL1  + 6L 


RT2  " RT1  + 6T 


rl1  = 50a  = Ry1 


VQ  = 14.2  volts. 


Table  3.1  gives  the  value  of  6 V for  different  values  of  5L,  61,  and  . In 
general  6V  decreases  as  decreases,  and  is  a maximum  for  a given  value  of 
when  6L  and  6T  are  of  different  sign. 

Given  SV,  6t0  is  found  from  Eq.  (3.15).  The  slope  M of  the  trace 
will  vary  from  problem  to  problem,  but  in  general  the  slope  increases  as  the 
voltage  decreases  due  to  the  non-1 inearity  of  the  circuit.  Thus  for  positions 
near  the  tip  of  the  wedge  the  time  error  <$te  is  smaller  for  two  reasons:  6V 

is  decreasing  and  M is  increasing. 

For  a typical  problem  the  slope  is  about  .5  vol ts/microsecond  at  the 
beginning  of  the  shorting  history,  increasing  to  1.5  vol ts/microsecond.  For 
the  stated  error  limit  of  .002  ohms  difference  between  R|j  and  and 
between  R^  and  R^,  the  maximum  6tg  would  be  about  .3  nanoseconds  in  this 
case.  This  would  be  a one  percent  error  if  the  total  time  taken  for  the 
free  surface  to  cross  the  distance  between  the  wires  were  only  30  nanoseconds. 
Typically  this  time  has  been  closer  to  250  to  500  nanoseconds,  -0  that  6t0  is 
truly  negligible.  In  fact,  even  if  :l  and  6T  were  .01  ohms,  ct^  would  be 
only  about  1.6  nanoseconds.  Thus  the  error  created  by  the  given  mismatch 
in  the  load  and  termination  resistance  is  negligible. 
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VM1 (volts) 


6V(vol ts) 


6L(ohms) 


6T(ohms) 


3.999930142 


000069857 


4.000160002 


4.00006986 


000069860 


3.999840002 


000159997 


3.000120002 


2.000080002 


000030002 


1.000040001 


000040001 


500020000 


000020000 


000300067 


4.00080069 


The  load  and  termination  resistances  are  permanent,  so  care  can  be 


taken  to  find  pairs  of  precision  resistors  that  match  very  closely.  The  wire 


resistances,  however,  are  determined  by  the  length  of  resistance  wire  stretched 


across  the  steps  in  the  target  and  the  resistance  per  unit  length  of  the  wire. 


The  targets  must  be  carefully  built  in  order  to  insure  that  the  lengths  of 


the  two  wires  are  as  close  as  possible.  The  grounded  steps  must  be  carefully 


painted  with  conducting  paint  to  establish  the  ground  points  for  the  wires  so 


that  the  two  wire  lengths  and  and  the  two  gap  distances  G^  and  G2  match 


as  closely  as  possible. 


The  wires  come  from  the  same  spool  and  thus  the  resistances  per  unit 


length  differ  only  by  non-uniformities  in  dimension  and  composition  of  the 


wire  produced  during  its  manufacture.  The  resistance  per  unit  length  of  the 


two  wires  is  therefore  probably  the  most  closely  matching  quantity  of  the  two 


circuits.  In  fact  the  error  in  this  quantity  is  probably  less  than  errors 


which  would  be  produced  in  measurements  of  the  length  and  resistance  of  pieces 


of  wire  in  order  to  measure  the  resistance  per  unit  length. 


There  is  also  the  question  of  the  change  in  the  resistance  per  unit 


length  of  the  wires  as  they  are  stretched  across  the  steps  and  the  tension 


in  them  increases.  The  wires  are  not  tightened  to  the  point  where  plastic 


yielding  occurs,  and  both  wires  should  have  roughly  the  same  amount  of  ten- 


sion in  them,  so  this  effect  should  not  cause  difficulty.  In  addition,  the 


resistance  of  a wire  was  monitored  as  the  tension  was  changed,  and  no  con- 


sistent change  was  noticed.  Therefore  the  resistances  per  unit  length  of  the 


two  wires  will  be  taken  as  equal 


Equation  (3.13)  may  be  used  to  determine  the  effect  of  differences  in 


the  gap  distances  G1  and  G2  and  in  the  wire  lengths  qnd  l^.  The  length  of 
the  wire  may  be  replaced  by  its  resistance  divided  by  its  resistance  per  unit 


> w j 


length.  Thus  the  analysis  will  give  the  allowable  error  in  both  the  gap 
distances  and  the  initial  resistances  of  the  two  wires.  Defining 


V"  V v*" 

--.--.a 


AL  = G-j  - G2  + \~2  ~ 


and  taking  all  other  quantities  to  match  exactly,  Eq.  (3.13)  becomes 


+ 4+13_1 


(3.18) 


(3.19) 


If  L2"h  e9ua^  to  zero>  AL  is  equal  to  G^^,  and  Eq.  (3.19)  gives  the 
error  resulting  from  differences  in  the  gap  distances  only.  Also,  if  G-j^ 
is  equal  to  zero,  AL  is  equal  to  L2~L1 , and  Eq.  (3.19)  gives  the  error  result- 
ing from  differences  in  wire  lengths  only.  Thus  the  single  parameter  aL  can 
be  used  to  determine  the  effect  of  errors  in  gap  distances  only,  the  errors 
in  wire  lengths  only,  or  combinations  of  the  two.  Differences  in  wire  lengths 
will  result  in  differences  of  the  initial  wire  resistances,  so  this  analysis 
gives  the  effects  of  mismatches  in  the  initial  resistances  of  the  wires. 

Table  3.2  gives  values  of  6V  for  given  values  of  AL.  Also  given  is  the  dif- 
ference in  resistance  AR  which  AL  would  correspond  to  if  AL  were  due  purely 
to  differences  in  resistances  of  the  wires.  Thus,  if  G^  is  taken  equal  to  G^, 


AL  = AR/K 


(3.20) 


where  the  resistance  per  unit  length  K of  the  wire  is  taken  as  6.48  ohms  per 
centimeter.  The  other  quantities  in  Eq.  (3.19)  are  given  as  follows: 
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TABLE  3,2.  Error  produced  by  mismatch  in 
gap  distance  or  initial  resistance 


.% 

*V 

r-v.- 


t-v: 


* 


& 

ll“  *fcj 

8 

AL(centimeters) 

AR(ohms) 

VM1 (volts) 

VMo( volts) 

6V( vol ts) 

> . 

.01 

o 

o> 

s* 

00 

4 

4.003434 

.003434 

p 

.001 

.00648 

4 

4.0003438 

.0003438 

•.V, 

r— 

o 

o 

o 

. C00648 

4 

4.00003438 

.00003438 

f!'-\ 

*y.> 

.005 

.03240 

4 

4.001718 

.001713 

d 

.005 

.03240 

3 

3.0030047 

.0030047 

.005 

.03240 

2 

2.004648 

.004648 

b • ■ 

.005 

.03240 

1 

1 .006649 

.006649 

« 

.005 

.03240 

.5 

.5077825 

.0077825 

y v 

V *•  - 

y* . 

.005 

.03240 

.1 

.108753827 

.003753327 

.005 

.03240 

10'3 

.01003027 

.009003027 

.005 

.03240 

10  6 

.01003027 

.00900556 

r •( 

/ 

V*  w 

.005 

.03240 

10-20 

.009005562 

.009005562 

Cr- 

lO 

o 

o 

o 

.003240 

Kf20 

.000901585 

.000901585 

m. -j 

• 

.■ 

.001 

.00648 

10-20 

.001802942 

.001802942 

yi 

w. 

.01 

.0643 

o 

t 

ro 

o 

.017983 

.017938 

;-y 

>\y 

.00416 

02696 

o 

oo 

i 

o 

.007493987 

.007493987 

< , ’ 

• 

r~"S 

W 

.00416 

.02696 

4 

4.001429479 

.001429479 

V.-- 
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= 50  ohms 


R-j.  = 50  ohms 


VQ  = 14.2  volts 

There  are  several  general  features  v/hich  may  be  noted  from  Table  3.2. 
For  a given  aL,  6V  increases  as  decreases.  The  maximum  value  of  Vf<^  is 
about  four  volts  for  the  case  considered.  The  minimum  value  of  is 
greater  than  zero  and  is  determined  by  the  length  of  wire  which  extends  past 
the  tip  of  the  wedge,  for  the  resistance  in  that  portion  of  the  wire  is  never 
shorted.  However,  for  the  cases  considered  in  Table  3.2,  6 V increases  by 
a factor  of  approximately  five  as  decreases  from  four  volts  essentially 
to  zero  volts.  However,  the  slope  of  the  trace  increases  as  VM1  decreases . 

In  the  experiments  to  date  it  has  increased  from  about  .5  volts/microsecond 
to  about  1.5  volts/microsecond.  Therefore,  from  Eq.  (3.15),  the  time  error 
<5te  would  increase  by  a factor  of  about  1.7  as  V.^  dropped  from  four  volts 
to  zero  volts. 

The  last  two  rows  in  Table  3.2  give  an  example  for  a specific  case. 

If  the  time  taken  for  the  free  surface  to  cross  the  wires  were  of  the  order 
of  .500  microseconds,  a value  of  .005  microseconds  for  5te  would  represent 
a one  percent  error.  Since  the  error  is  largest  when  approaches  zero, 
and  the  slope  of  the  trace  is  about  1.5  vol ts/microseccnd  at  this  point, 
a value  of  .0075  volts  for  6V  would  correspond  to  a one  percent  error. 

The  next  to  last  row  in  Table  3.2  shows  that  this  would  be  produced  by  a 
difference  of  .00416  cm  between  and  G,,,  or  a difference  of  .027  ohms 
between  the  initial  resistances  of  the  two  wires.  The  last  row  shows  that 
when  V.^  is  equal  to  four  volts,  5 V is  about  1.4  millivolts  for  those 


71 


V-  V*. 


V /-  . - 


\.-\o 

•w 

v ■ 


- ■ • "‘O  * * 

* - - " • Y*  , 

. • c-  »nVv\ 


r-:  .v-.v.v;-.  >;-;  •:•  v-; 


V’.-  ' 


errors  in  G or  L,  Therefore,  with  the  aid  of  this  analysis,  it  is  possible 
to  assemble  the  target,  trigger  the  SCR  in  the  current  supply  circuit, 
measure  the  difference  between  the  voltages  across  the  two  wires  with  a 
differential  amplifier,  and  determine  whether  the  error  which  will  be 
caused  by  a mismatch  in  the  components  is  within  the  desired  error  bounds. 

In  the  above  case,  if  the  differential  amplifier  shows  a difference  of  less 
than  1.4  millivolts,  the  error  will  be  less  than  one  percent. 

A second  source  of  error  in  the  circuit  analysis  is  the  assumption 
that  the  voltage  VQ  across  the  resistance  network  is  constant.  The  voltage 
VQ  is  produced  by  the  discharge  of  the  capacitor  across  the  resistance  net- 
work, and  thus  is  conti nuously  changing.  Since  V,^  is  measured  at  time  t 
and  V^2  is  measured  at  time  t + 5t,  VQ  does  not  have  the  same  value  at  the 
time  of  each  measurement.  If  in  Eq.  (3.12)  the  voltages  are  written  as 
functions  of  time,  and  it  is  assumed  that  all  other  components  match  exactly, 
the  equation  reduces  to 


VQ(t)  VQ(t  + 5 1 ) 

' V^Tt  “+~6tT 


v^Tty 


(3.22) 


where  t is  the  time  at  which  the  measurement  of  occurs,  and  t + fit  is 
the  time  at  which  the  measurement  of  VM„  occurs.  Thus  the  voltage  which 

hL  rlc 

should  be  comoared  to  for  purposes  of  time  differencing  is 


V 


VQ(t  + fit) 
M2  = '"V  UP 


VM1 


(3.23) 


The  circuit  of  Fig.  3.9  may  be  solved  to  yield  VQ(t)  if  R-|(t)  and  R^(t)  are 

known.  However,  an  estimate  of  the  error  can  be  obtained  as  follows.  The 
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differential  equation  describing  capacitor  discharge  is 


(vsE 

'm 


rr-i 


i 


: 


1 1 

1 

. -1 

V--.  J 


(3.24) 


d V . zV 
dt  " RC 


which  has  the  solution  for  constant  R 


V = V ex p(- 


t - t 


(3.25) 


where  V0  is  the  voltage  at  time  tQ  and  C is  the  capacitance.  Until  the  first 


shortinq  occurs  R has  the  constant  value  R which  is  the  total  resistance 
3 max 


of  the  network  in  Fig.  3.6  when  R^  and  R^  have  their  maximum  values.  If  the 


load  and  termination  resistances  are  50  ohms,  and  the  initial  resistance  of 


each  wire  is  33  ohms,  then  R^ax  is  equal  to  34.94  ohms.  Taking  the  time  tQ 


at  which  discharge  starts  as  time  zero,  the  voltage  across  the  network  is 


given  by 


V(t)  = V exp(r--I7r)  t < t, 
max 


(3.26) 


up  to  the  time  t-j  at  which  shorting  first  occurs.  At  this  time  the  resistances 
of  the  wires  will  begin  to  decrease  and  the  voltage  across  the  network  will 


begin  to  drop  more  rapidly.  However,  the  minimum  voltage  obtainable  would 


occur  if  the  resistance  of  both  wires  dropped  suddenly  to  zero  at  time  t-j 
and  stayed  there.  In  this  case  the  voltage  across  the  network  would  be  given 


"*'1 

V( t)  * VQexp(fr-Lc-)exp( 


-(t  - t,) 


R"  ■ C 
min 


t > t. 


(3.27) 


where  R . is  the  total  resistance  of  the  network  when  both  R.  and  R„  are 
min  i c 


equal  to  zero.  If  the  load  and  termination  resistances  are  50  ohms,  then 


R^  is  equal  to  25  ohms. 


'j*  * > “j.  * w . • . • k > V * A ■*>  '.AjA  C*-  '*  v"«  lv*  *\,-  • " *.*  V< *•  " - • ■*  n - ..  V*.  ■*,  *•' . •’.  «»  wA  \ 


The  maximum  value  the  voltage  could  have  is  for  that  case  in  which 
the  wires  do  not  short  but  maintain  their  maximum  resistance.  This  case  is 
described  by  Eq.  (3.26).  Therefore  the  true  value  of  the  voltage  across  the 
resistance  network  at  any  time  t greater  than  t^  is  bracketed  between 

If  / ± \ _ if  / "t  \ / ^ ftnl 


''max")  * V*P<RTC> 
ma  x 


(3.28) 


-t,  -(t  - t,) 

Vnin^  = Voexp^R  C^exp^  R C ^ 
max  min 


(3.29) 


VM2  ~ W1 


VQ(t  + fit) 

—yt)- 


From  Eq.  (3.23) 

V (t  + fit) 

4V  - VW  - VM2  - V - — V^tT-] 

An  estimate  of  fiV  which  is  always  greater  than  fiV  is 


Vmi  n ( t + lJit) 

«'  - W - 

max 


(3.30) 


(3.31) 


The  voltage  error  is  always  less  than 


(t  - t, ) (R  . - R ) - R 

6V'  = VH,[1  - exp( 

min  max 


R fit 

)] 


(3.32) 


The  term  in  brackets  ir  Eq.  (3.32)  increases  as  t-t^  increases.  However, 
experiments  usually  last  only  about  three  microseconds  after  the  first  short- 
ing occurs.  If  t-t^  is  taken  as  five  microseconds,  then  for  t equal  to  .5 
microseconds,  the  term  in  brackets  is  equal  to  .00016.  By  the  end  of  the 
experiment  V,,^  is  very  small,  but  even  if  it  were  equal  to  its  maximum  value 
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of  4 volts,  oV’  would  have  a value  of  .0006.  Even  at  a minimum  trace  slope 
of  .5  volts/microseconds,  this  corresponds  to  an  error  of  less  than  .3  per- 
cent in  the  value  of  <st.  Therefore  the  error  introduced  by  decay  of  voltage 
across  the  resistance  network  is  negligible. 


3,4.2  Oscilloscope  Irregularities 

Once  the  target  is  built  so  that  the  components  match  and  the  initial 
voltages  across  the  two  wires  have  been  checked  with  a differential  amplifier 
and  found  to  match  within  the  desired  limits,  the  errors  produced  by  the 
electronic  circuitry  consisting  of  the  wires  and  current  supply  are  bounded. 
However,  the  signal  must  pass  through  the  oscilloscope  before  data  traces  are 
recorded,  and  this  may  produce  errors  also.  It  is  possible  that  the  oscillo- 
scope may  be  the  largest  source  of  error,  and  the  source  whose  errors  are  the 
most  difficult  to  analyze  and  estimate. 

In  order  to  reduce  the  data  it  is  assumed  that  the  time  bases  and 
vertical  gains  can  be  calibrated  so  that  any  given  point  on  the  screen  corres- 
ponds to  the  same  time  and  the  same  voltage  for  both  traces.  Because  of  non- 
linearities  and  irregularities  in  the  oscilloscope  this  is  certainly  not  the 
case,  although  the  amount  of  error  will  of  course  vary  from  oscilloscope  to 
oscilloscope.  All  that  can  be  done  is  to  use  very  careful  calibration  pro- 
cedures to  insure  that  equal  vertical  deflections  correspond  to  equal  voltages 
for  both  traces  and  that  the  measured  time  between  points  on  the  two  traces 
is  actually  equal  to  the  real  time  difference  between  the  two  events. 

The  time  bases  can  be  calibrated  by  use  of  a timing  nark  generator, 
and  these  calibration  points  can  be  used  to  reduce  the  data.  Voltage  cali- 
bration lines  may  also  be  used.  In  fact  the  data  traces  themselves  may  be 
used  as  partial  voltage  calibrations.  Once  the  initial  voltages  across  the 
two  wires  have  been  found  to  match  within  a satisfactory  error,  the  gains  of 
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the  two  vertical  amplifiers  may  be  set  so  that  when  the  biselines  of  the  two 
traces  are  superimposed,  the  initial  levels  will  also  be  superimposed. 
However,  gains  and  baselines  may  drift  after  they  have  been  set,  and  the 
baselines  and  initial  levels  may  not  be  superimposed  on  the  data  record. 

If  this  is  the  case  the  data  can  be  adjusted  accordingly. 

If  it  is  known  from  differential  amplifier  measurements  that  the 
initial  voltages  across  the  two  wires  are  essentially  equal,  but  neither 
the  baselines  nor  the  initial  levels  are  superimposed  on  the  data  trace, 
the  data  can  be  adjusted  by  assuming  that  the  baseline  positions  and  vertical 
amplifier  gains  were  not  set  correctly.  Figure  3.20  gives  an  example  of  a 
record  in  which  neither  the  baselines  nor  the  initial  trace  levels  are 
superimposed.  It  is  obvious  that  the  baseline  positions  are  incorrect,  and 
if  the  distances  HI  and  H2  from  each  baseline  to  the  corresponding  initial 
trace  level  are  not  equal,  then  the  gains  of  the  amplifiers  are  also  incor- 
rect. In  order  to  determine  HI  and  H2,  it  is  necessary  to  have  a means  of 
determining  which  baseline  belongs  to  which  data  trace. 

In  reducing  the  data  the  position  of  each  point  on  the  data  trace 
is  assigned  an  X and  Y coordinate  by  means  of  a microscope  with  a travelling 
stage.  The  stage  and  photograph  are  moved  until  the  microscope  cross-hairs 
are  centered  on  a point  on  the  trace,  and  the  X and  Y coordinates  of  that 
point  are  read  from  the  calibrated  micrometers  which  drive  the  stage.  Thus 
the  origin  of  the  X-Y  coordinate  system  is  arbitrary.  These  coordinates  are 
utilized  in  Fig.  3.20.  The  Y coordinate  is  in  the  direction  of  voltage 
displacement,  and  the  X coordinate  is  in  the  direction  of  time  displacement. 
The  baselines  B1  and  B2  have  Y coordinates  Y81  and  YB2,  and  the  initial  trace 
levels  have  Y coordinates  YI1  and  YI2.  The  data  traces  are  given  by  X-Y 
coordinate  pairs  represented  as  Y 1 ( X ) and  Y2(X).  If  the  baselines  and 
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3.20.  Data  correction  for  errors  in  gain  and  baseline  settings 


initial  levels  were  super  imposed , data  reduction  would  consist  of  determining 
the  X coordinates  of  data  pairs  with  equal  Y coordinates,  such  as  points 
A and  B in  Fig.  3.20.  and  using  timing  mark  calibrations  to  determine  a time 
interval  from  these  two  X coordinates. 

If  baselines  and  initial  levels  are  not  superimposed,  the  trace  for 
the  wire  which  shorts  first,  Y1(X),  can  be  taken  as  correct,  and  the  second 
trace,  Y?(X),  can  be  adjusted  to  the  form  that  it  would  have  if  its  bcseline 
and  gain  were  the  same  as  those  for  trace  Yl(Xj.  This  adjusted  trace  is 
represented  by  the  dotted  line  Y2'(X)  in  Fig.  3.20.  In  order  to  construct 
trace  Y2'(X)  it  is  necessary  to  know  how  the  ga>n  of  the  stcond  trace  varies 
with  vertical  position.  The  simplest  procedure  ■ to  assuma  that  it  is 
constant,  so  that  voltage  is  a linear  function  of  the  Y coordinate.  If  this 
is  so,  then  Y2'(X)  can  be  generated  from  Y2(X)  by  subtracting  the  distance 
between  the  baselines  from  each  Y coordinate  of  Y2(X),  and  multiplying  the 
difference  between  the  resulting  coordinate  and  YB1  by  a constant  so  that  H2 
becomes  equal  to  HI.  Alternatively,  Y 2 ' ( X ) can  be  thought  of  as  a linear 
transformation  of  Y2(X)  of  the  form 

Y2 ' (X)  = aY2(X)  + b (3.33) 

where  a and  b are  determined  from  the  r quirements  that  Y 2 * ( X } e 'uals  YI1 
when  Y2(X)  equals  YI2,  and  Y 2 ' ( X ) equals  VBT  when  equals  , 2.  The 

resulting  transformation  is 

Y21  (X)  = Y2 (X)  - YB2)  + YS1  (3.34) 


The  procedure  co  be  used  when  the  baselines  and  . i t i a 1 level  are 
not  superimposed  is  to  use  points  of  equal  Y coordinates  on  traces  Yl(X)  and 
Y2’(X),  represented  by  points  A and  C in  Fig.  3.20.  However,  it  is  not 
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necessary  to  construct  curve  Y2'(X).  Equation  (3.34)  can  be  inverted  to 
give  Y2(X)  as  a function  of  Y2'(X),  This  yields  the  point  D in  Fig.  3.20 
on  curve  Y2(X)  which  corresponds  to  point  C on  curve  Y2'(X).  Thus  if  point 
A in  Fig.  3.20  has  coordinate  Yl,  the  time  interval  is  not  determined  by 
the  X coordinates  of  points  A and  B,  but  by  the  X coordinates  of  points  A 
and  D,  where  point  D on  curve  Y2(X)  has  the  Y coordinate  Y2,  where 


Y2  = viq— yin"  (y1  ~ YB1)  + YB2 


(3.35) 


The  above  analysis  may  also  be  used  to  determine  the  magnitude  of  error  pro- 
duced by  differences  in  baseline  levels  and  initial  voltage  levels  that  are 
too  small  to  be  detected.  For  instance,  when  attempting  to  set  the  baselines 
so  that  they  are  superimposed,  the  two  traces  merge  into  a single  one  with 
a greater  thickness,  and  it  is  difficult  to  estimate  the  setting  at  which 
they  are  truly  superimposed.  One  estimate  is  that  it  would  be  possible  to 
superimpose  the  two  only  to  within  10  percent  of  a trace  width.  This  value 
could  then  be  used  for  the  distance  between  the  two  baselines  and  fcr  the 
difference  between  the  distances  HI  and  H2  in  Fig.  3.20.  Equation  (3.35) 
could  then  be  used  to  determine  how  far  the  point  0 would  be  from  point  B, 
and  the  error  in  the  time  interval  6t  could  then  be  determined,  given  the 
slope  of  the  trace. 

The  error  in  6t  will  depend  on  the  trace  thickness  and  the  slope  of 
the  trace.  Values  for  these  and  other  quantities  may  be  taken  from  a 
representative  shot  in  order  to  estimate  the  magnitude  of  the  error  involved. 
The  trace  thickness  for  shot  number  75-080  was  .22  millimeters  and  the  distance 
between  baselines  and  initial  levels  was  about  30  millimeters.  Assuming  a 
difference  of  .022  millimeters  between  the  base'ine  levels  and  between  the 
distances  HI  and  H2,the  maximum  difference  between  Y2  and  Yl  from  Eq.  (3.35) 
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is  .037  millimeters  when  VI  is  at  two-thirds  of  its  maxinum  value.  The 
trace  drops  16  millimeters  in  three  microseconds  so  the  average  slope  is 
5.3  millimeters  per  microsecond.  Thus,  the  error  in  the  time  interval  6t  is 
6.9  nanoseconds.  The  time  taken  for  the  free  surface  to  cross  the  distance 
between  the  wires  is  .59  microseconds,  so  the  maximum  e^ror  that  could  be 
produced  by  differences  too  small  to  detect  between  baselines  and  initial 
levels  is  about  1.2  percent. 


3.4.3  Wire  Irregularities 

The  next  source  of  error  to  be  considered  involve;  the  way  in  which 
the  wires  are  installed  in  the  target.  Errors  involving  the  resistance  per 
unit  length  of  the  wire  and  the  establishment  of  the  round  point  on  the 
wires  were  dealt  with  in  Section  3.4.1.  Errors  will  also  be  produced  *f 
the  wires  are  not  strung  parallel  to  the  rear  surface  of  the  wedge,  or  if 
they  do  not  run  parallel  to  the  sides  of  the  wedge. 

Figure  3.21  considers  the  case  in  which  the  wires  do  net  run  parallel 
to  the  sides  of  the  wedge.  The  figure  shows  the  wedge  seen  from  directly  above 
and  the  two  resistance  wires  underneath.  Instead  of  being  parallel  to  the 
sides  of  the  wedge  and  normal  to  its  enJs,  tno  wires  make  angles  and  ■ 
respectively  with  the  sides.  Thus  when  the  contact  point  on  the  f i r t wire 
reaches  wedge  coordinate  x which  is  a distance  D ft  the  high  end  of  the 
wedge,  the  length  of  wire  shorted  out  i not  0 but  “ , .-.here 


D1  = D/cos 


1 


(3.36) 


The  apparent  wedge  coordinate  of  the  c Lac t , int  is 


wn  i c • 


(US 


the  extra  length  of  wire  which  has  been  shorted  out,  or 


= x + D(sec  91  - 1 ) 
80 


(3.37) 
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Since  the  contact  on  the  first  wire  appears  to  be  at  x^  although 

it  is  actually  at  x,  the  indicated  tine  of  arrival  of  the  contact  point  at 

•-  ■ — • « 

X^  is  in  error  by  the  amount  of  time  taken  for  the  contact  point  to  travel 
from  x to  x^.  If  the  average  velocity  of  the  contact  point  during  the  time 
taken  to  travel  this  interval  is  , then  the  error  in  arrival  time  at  x^  is 

D(sec  e1  - 1) 


-tl 


'Cl 


(3.38) 


This  error  is  a maximum  at  the  tip  of  the  wedge  where  D is  at  a maximum.  It 
also  depends  on  the  velocity  of  the  contact  point  along  the  wire.  This  will 
depend  on  the  wedge  angle,  wedge  material,  and  projectile  velocity,  but  it 
must  always  be  greater  than  the  wave  velocity  in  the  wire.  Equation  (3.38) 
can  be  solved  for  to  determine  how  far  the  wires  may  be  out  of  paraliel 
to  the  sides  of  the  wedge  if  a given  error  bound  is  to  be  preserved. 

,-l 


V r] 

91  = arcos[— 'q----  + 1 ] 


(3.39) 


If  the  time  interval  required  for  the  free  surface  to  cross  the 
distance  between  the  two  wires  is  one-half  microsecond,  a one  percent  error 
would  be  five  nanoseconds.  Assuming  the  wedge  length  is  1.75  inches  or 
4.445  centimeters,  and  the  velocity  of  the  contact  point  is  one  centimeter 
per  microsecond,  the  angle  is  .047  radians  or  2.7  degrees.  The  amount 
by  which  the  wire  is  out  of  parallel  to  the  sides  of  the  wedge  is  not  a very 
critical  factor. 

The  wire  may  also  be  strung  out  of  parallel  to  the  wedge  free  surface. 
Figure  3.22  illustrates  this  situation.  There  is  an  enor  prediced  which  is 
similar  to  that  caused  by  the  wires  being  out  of  parallel  to  the  sides  of  the 
wedge.  In  Fig.  3.22  wire  1 is  assumed  to  be  parallel  to  the  wedge  free 
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surface  and  offset  a distance  D-j  from  it,  but  it  actually  makes  an  angle 
with  its  assumed  position.  When  the  contact  point  would  be  at  wedge 


coordinate  X,  a distance  D from  the  high  end  of  the  wedge,  if  the  wire  were 


in  the  correct  position,  the  actual  length  of  wire  that  has  been  shorted  is 


D' . The  distance  D'  is  found  by  use  of  the  law  of  sines.  If  the  free  sur- 


face makes  an  angle  a with  its  original  position,  then 


D sin  a 


sin(e1  + a, 


(3.40) 


The  apparent  contact  point  coordinate  is  then  x^,  where 


XA  = x - (D  - D') 


(3.41) 


The  time  of  arrival  of  the  contact  point  at  is  in  error  by  the  amount  of 
time  taken  for  the  contact  point  to  travel  from  x^  to  X.  If  the  average 


velocity  of  the  contact  point  during  this  time  is  , the  error  in  time  is 


s i n a ] 


_ U pi  S m (1 

*tl  ~ \]  ~ sin(0.|  + a ] 


(3.42) 


Equation  (3.42)  may  be  solved  for  9^  to  find  the  amount  by  which  the  wires 
may  be  out  of  parallel  to  the  free  surface  if  a given  error  bound  is  to  be 


maintained. 


9 1 = a + a res  in  [- 


sin  a 


etlVCl 


(3.43) 


The  free  surface  deflection  angle  a depends  on  the  wedge  angle,  wedge  mate- 


rial, and  projectile  velocity,  but  it  appears  to  be  roughly  the  same  as  the 


wedge  angle.  Taking  a to  be  five  degrees,  the  contact  point  velocity  to  be 


one  centimeter  per  microsecond,  a one  percent  error  in  time  to  be  five  nano- 
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seconds,  and  D to  be  its  maximum  value,  the  angle  0,  is  .0056  degrees  or 
.000098  radians.  Thus  it  is  much  more  critical  that  the  wire  be  parallel 
to  the  wedge  free  surface  than  to  the  sides  of  the  wedge.  In  fact,  for  the 
case  considered,  the  wire  should  only  be  out  of  parallel  by  4.4  microns  over 
the  wedge  length  of  4.4  centimeters  to  maintain  a one  percent  error  bound. 

If  the  wires  are  out  of  parallel  or  sag  or  tilt  with  respect  to  the 
wedge  free  surface,  there  is  also  an  error  produced  because  of  the  fact  that 
the  distance  D2-D^  between  the  wires  is  not  constant.  Equation  (3.1)  shows 
that  this  will  also  affect  the  value  of  the  measured  free  surface  velocity. 
If  the  distance  between  the  wires  is  .02  inches  or  .0508  centimeters,  then 
the  distance  D2-D-|  should  not  vary  by  mere  than  five  microns  in  order  to 
maintain  a one  percent  error  bound. 


3.4.4  Tilt 

Another  source  of  error  to  be  considered  is  the  possibility  of  mis- 
alignment between  the  projectile  impact  face  and  the  wedge  free  surface. 

Given  ideal  conditions,  these  two  surfaces  should  lie  in  parallel  planes  so 
that  the  line  of  contact  between  the  projectile  and  wedge  impact  surfaces 
is  parallel  to  the  end  of  the  wedge  and  thus  intersects  the  sides  of  the  wedge 
at  90  degree  angles.  The  line  of  contact  between  the  shock  front  and  the  wedge 
free  surface  should  also  be  normal  to  the  side  of  the  wedge.  The  contact 
points  on  two  wires  placed  side  by  side  and  having  the  same  offset  from  the 
wedge  free  surface  should  then  always  be  at  the  same  wedge  coordinate.  Any 
relative  tilt  between  the  projectile  impact  face  and  wedge  rear  surface 
would  mean  that  the  lines  of  contact  would  not  be  normal  to  the  side  of  the 
wedge,  and  the  coordinates  of  the  contact  points  on  wires  with  equal  offsets 
would  not  be  equal.  This  situation  would  obviously  have  an  effect  on  tne 
measured  free  surface  velocity. 


m 
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There  are  several  possible  causes  of  tilt  in  the  experiment.  The 
impact  face  of  the  projectile  may  not  be  normal  to  the  projectile  axis.  The 
projectile  is  allowed  a limited  amount  of  play  in  the  barrel,  so  that  its 
axis  may  not  always  be  parallel  to  the  axis  of  the  barrel.  The  target  holder 
may  be  misaligned  so  that  the  plane  in  which  the  target  is  mounted  is  not 
normal  to  the  gun  barrel.  The  wedge  mounting  surface  and  target  mounting 
surface  in  the  target  may  not  lie  in  parallel  planes.  Finally,  the  wedge 
itself  may  be  improperly  constructed  so  that  the  plane  determined  by  the 
normal  to  the  impact  face  and  the  side  of  the  wedge  is  not  perpendicular  to 
the  wedge  free  surface. 

In  order  to  calculate  the  effect  of  tilt  in  the  general  case,  it 
would  be  necessary  to  solve  the  complete  three-dimensional  flow  problem.  It 
is  possible  to  estimate  the  effect  of  tilt  by  considering  only  the  case  of  a 
hydrodynamic,  no-rate-effects  material  with  no  phase  transitions,  and -by 
ignoring  wave  interactions  with  material  boundaries.  Under  these  conditions 
it  can  be  assumed  that  there  is  no  curvature  to  the  shock  front  or  to  the 
deflected  wedge  free  surface.  The  shock  front  in  the  wedge  will  then  lie 
in  a single  plane,  as  will  the  wedge  free  surface. 

The  case  to  be  considered  will  be  that  of  a wedge-projectile  impact 
in  which  the  projectile  impact  face  is  not  parallel  to  the  wtdge  free  sur- 
face. There  will  be  no  irregularity  in  the  wedge  itself,  so  that  the  plane 
determined  by  the  side  of  the  wedge  and  the  normal  to  the  wedge  impact  sur- 
face will  be  normal  V the  wedge  free  surface.  The  orientation  of  the 
coordinate  system  which  will  be  used  to  describe  the  problem  is  shown  in 
Fig.  3 .23.  The  Y axis  is  parallel  to  the  side  of  the  wedge  free  surface, 
the  X axis  is  parallel  to  the  end  of  the  wedge,  and  the  Z axis  is  normal 
to  the  wedge  free  surface.  Thus  the  unit  normal  to  the  wedge  impact  surface. 
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n , lies  in  the  YZ  plane.  The  negative  of  the  unit  normal  to  the  projectile 
w 


impact  face  is  designated  np.  Thus  Op  points  into  the  body  of  the  projectile 


instead  of  away  from  it.  This  is  done  for  simplicity  in  illustrating  the 


two  unit  vectors.  For  the  zero  tilt  case  np  would  lie  along  the  Z axis. 


If  np  lay  in  the  YZ  plane,  the  contact  line  between  projectile  and  wedge 


would  be  normal  to  the  side  of  the  wedge,  and  the  only  effect  of  the  tilt 
would  be  to  effectively  change  the  wedge  angle  a by  the  magnitude  of  the  tilt 
angle  6.  The  tilt  angle  is  probably  less  than  the  uncertainty  in  a,  so 


this  case  is  of  no  interest,  n will  be  taken  to  lie  in  the  XZ  plane.  This 

P 


should  be  the  case  which  will  have  the  greatest  effect  on  the  measured  free 
surface  velocity. 

The  normals  to  the  wedge  and  projectile  impact  faces  are 


nw  = sin  a j + cos  a k 


n = sin  6 i + cos  6 k 
P 


(3.44) 

(3.45) 


where  i,  j,  and  k are  unit  normals  along  the  X,  Y,  and  Z axes.  The  line 
of  contact  between  wedge  and  projectile  impact  faces  will  be  the  line  of 


intersection  between  the  planes  with  unit  normals  n and  n . Therefore  the 

p w 


line  of  intersection  is  parallel  to  the  cross  product  of  nw  and  np.  The 


vector  along  the  line  of  contact,  n , is  given  by 


n = -sin  a cos  6 i - sin  6 cos  a j + sin  a sin  6 k (3.46) 

V* 


nc  will  lie  in  the  piaiie  of  the  shock  front,  as  shown  in  Fig.  3.23, 


n^  is  a 


unit  vector  which  lies  along  the  intersection  of  the  plane  of  the  shock  front 
and  the  plane  farmed  by  the  side  of  the  wedge,  which  is  the  YZ  plane.  Thus 
n and  n.  determine  the  plane  of  the  shock  front.  If  the  orientation  of  n. 

Cl  l 

in  the  YZ  plane  were  known,  the  plane  of  the  shock  front  would  be  determined. 
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Let  the  angle  in  the  YZ  plane  between  n^  and  the  wedge  impact  surface  be 
designated  6,  as  shown  in  Fig.  3.23.  Let  the  point  at  which  n^  intersects 
the  wedge  impact  surface  be  A,  and  the  point  at  which  it  intersects  the  wedge 
free  surface  be  B.  Figure  3.24  shows  a side  view  of  the  wedge  at  times  t 
and  t + fit.  Since  the  projectile  tilt  is  all  in  the  XZ  plane,  intersections 
of  the  projectile  impact  plane  and  the  YZ  plane  are  parallel  to  the  Y axis. 
Since  the  projectile  has  velocity  Vp  in  the  negative  Z direction,  the 
distance  between  the  intersections  at  times  t and  t + fit  is  Vpfit.  The 
velocity  of  point  A is  the  distance  moved  by  point  A in  time  fit  divided 
by  fit 


V 


A 


sin  a 


(3.47) 


Likewise,  the  velocity  of  point  B is  distance  Dg  in  Fig.  3.24 
divided  by  fit 


V sin  e 

I = _P r 

B sin  a sin(o  - ct) 


(3.48) 


These  velocities  are  independent  of  the  tilt  angle  fi,  and  are  the  same 
velocities  these  points  would  have  in  the  zero  tilt  case. 

A 

Since  n^  is  in  the  YZ  plane  and  makes  angle  9 -ct  with  the  Y axis, 
it  is  given  by 

A A A 

n^  = -cos(e  - a)  j - sin(e  - a)  k (3.49) 

The  normal  to  the  shock  front,  ns<  is  perpendicular  to  both  nc  and  n^ , so  it 
lies  along  their  cross-product.  It  is  given  by 

A AAA 

n = n i + n j + n k (3.50) 

s sx  sy  sz 
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(3.51) 


n$x  = sin  6 cos  a sin(e  - a)  + sin  a sin  6 cos(e  - a) 
n$y  = -sin  a cos  <5  sin(e  - a)  (3.52) 

nsz  = sin  a cos  5 cos^e  " “)  (3.53) 

A A 

Given  n$  it  is  possible  to  find  the  vector  which  is  parallel  to  the  con- 
tact line  between  the  shock  front  and  the  wedge  free  surface.  This  line, 
shown  in  Fig.  3.24  lies  in  the  XY  plane  and  is  the  intersection  of  the  shock 

A 

plane  and  the  wedge  free  surface,  or  XY  plane.  nf  is  given  by  the  cross- 
product  of  the  normals  to  these  two  planes 


“f  = “nsy  1 + nsx  j 


(3.54) 


The  angle  y between  the  X axis  and  n^  is 


-n_y 

y = arc  tan  (-j^-) 


(3.55) 


Equations  (3.51),  (3.52),  (3.54),  and  (3.55)  give 


y _ t rsin  6 cos  a sin(e  - a)  + sin  a sin  6 cos(e  - a)-. 

L sin  a cos  6 sin(e  - a)  J 


(3.56) 


This  is  the  quantity  of  interest  in  the  problem.  Since  points  A and  B have 
the  same  velocities  they  would  have  in  the  zero  tilt  case,  all  points  on  the 
contact  line  between  the  shock  and  the  free  surface  have  the  same  Y component 
of  velocity  they  would  have  if  the  tilt  were  zero.  The  difference  is  that 
this  line  makes  an  angle  y with  the  Y axis,  whereas  y would  be  zero  if  the 

tilt  were  zero.  In  fact  Eq.  (3.56)  gives  a value  of  zero  for  y when  6 is 

equal  to  zero.  The  only  unknown  in  the  problem  is  the  angle  e.  The  analysis 

in  Chapter  2 gives  the  value  of  e for  the  zero-tilt  case.  Since  6 is  very 
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small,  0 should  be  very  c^ose  to  the  no-tilt  value.  In  order  to  estimate 
the  effect  of  tilt  on  the  problem,  this  value  of  0 will  be  used. 


Figure  3.25  illustrates  the  effect  the  angle  y will  have  on  the 
resistance  wire  records.  The  contact  point  on  one  wire  will  always  trail 
its  zero  tilt  position  relative  to  the  contact  point  on  the  other  wire  by 
the  distance  H,  given  by 


H = L tan  y 


(3.57) 


where  L is  the  distance  between  the  two  wires  in  the  X direction.  For  the 
no-rate-effects  case  being  considered,  the  contact  points  should  sweep  along 
the  wires  with  the  velocity  Vn  with  which  the  contact  line  between  the  shock 

D 

and  free  surface  moves  in  the  Y direction.  From  Eqs.  (3.48)  and  (3.57) 
the  error  in  time  produced  by  this  lag  is 


L tan  y sin  a sin(e  - a) 


V sine 
P 


(3.58) 


The  effect  of  this  time  error  can  be  reduced  by  reducing  the  distance 
between  the  wires  in  the  Y direction. 

The  methods  of  Chapter  2 yield  a value  of  36  degrees  for  e when  a 
five  degree  aluminum  wedge  is  impacted  by  an  aluminum  projectile  with  a 
velocity  of  .09  centimeters  per  microsecond.  If  the  tilt  angle  6 is  assumed 
to  be  one  milliradian,  Eq.(3.56)  yields  a value  of  13  milliradians  for  y. 

If  L is  taken  as  .3175  centimeters,  the  error  in  time  from  Eq.  (3.58)  is 
3.5  nanoseconds.  This  would  constitute  a .7  percent  error  if  the  time  taken 
for  the  free  surface  to  cross  the  wires  was  .5  microseconds. 
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Fig-  3.25.  Top  view  of  wedge  ana  resistance  wires  showing  effect 
of  tilt 
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3.4,5  Reading  Errors 

The  last  source  of  error  to  be  considered  is  that  involved  with  read- 
ing the  photographic  records  with  the  microscope.  When  viewed  under  the 
microscope,  the  photographic  images  of  the  oscilloscope  traces  do  not  appear 
as  sharp  lines.  They  are  broad  bands  with  edges  that  are  not  well  defined. 

The  intensity  of  the  trace  is  not  constant,  and  the  thickness  appears  to  vary. 
In  order  to  determine  the  coordinates  of  a point  on  the  trace  it  is  necessary 
to  center  the  cross  hairs  on  the  center  of  the  trace,  and  the  exact  position 
of  this  is  largely  a matter  of  judgment.  The  coordinates  of  a given  setting 

of  the  stage  are  given  to  .001  millimeters,  but  it  is  not  in  general  possible 

to  determine  the  coordinates  of  a given  point  on  the  trace  to  within  this 
accuracy.  If  the  coordinates  of  the  point  are  read,  the  stage  moved  and 
then  moved  back  so  that  the  coordinates  of  the  point  can  be  reread,  the  num- 
bers do  not  agree  in  the  last  decimal  place.  The  standard  deviation  in  the 
scatter  of  multiple  readings  of  the  coordinates  of  a given  point  may  be  as 
much  as  .005  millimeters.  Of  course,  this  figure  depends  on  several  factors 
such  as  the  given  point  being  read  and  the  individual  taking  the  readings. 

Given  that  there  is  some  error  in  the  coordinates  of  any  given  point, 

it  is  desirable  to  know  how  this  error  affects  the  results.  It  may  have  a 

large  effect  in  the  determination  of  the  free  surface  velocity,  since  differ- 
ences are  taken  between  points  that  are  relatively  close  together,  thereby 
magnifying  the  error.  In  fact,  although  a plot  of  the  coordinates  of  points 
on  two  traces  which  or?  fairly  close  together  may  appear  smooth,  a plot  of 
the  differences  between  the  points  is  relatively  rough. 

The  best  way  to  determine  the  magnitude  of  errors  generated  in  the 
process  of  reading  the  records  with  the  microscope  is  to  read  the  entire 
record  twice  and  compare  the  results.  This  was  done  for  one  of  the  dual -beam 
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4.  EXPERIMENTAL  RESULTS 


The  objective  of  this  work  is  the  development  of  a method  for  per- 
forming and  interpreting  shock  wave  experiments  in  two-dimensional  strain 
using  a light  gas  gun.  Since  the  work  is  developmental,  the  techniques 
themselves  are  the  results  rather  than  the  data  produced  by  the  techniques. 
Therefore  the  experiments  performed  using  the  measurement  technique  were 
not  done  to  investigate  some  particular  physical  phenomenon,  but  to  investi- 
gate the  measurement  technique  itself.  The  demonstration  that  a measurement 
technique  is  useful  requires  not  only  a presentation  of  the  theory  behind  it, 
but  also  evidence  that  the  theory  is  workable  in  practice  and  that  physically 
meaningful  results  can  be  produced.  Thus,  as  ideas  for  the  technique  were 
developed,  shots  were  done  to  test  the  effectiveness  of  these  ideas.  Not 
all  of  these  shots  were  successful  in  producing  the  information  desired, 
but  they  were  all  useful  in  furthering  the  development  of  the  technique. 
Refinement  of  the  technique  continued  in  this  fashion  until  an  end  result 
was  reached  that  was  felt  to  be  workable,  repeatable,  and  capable  of  pro- 
ducing meaningful  data.  This  is  not  meant  to  imply  that  the  present  tech- 
nique is  to  be  accepted  as  the  final  stage  of  development  in  two-dimensional 
measurement  techniques  and  that  no  further  refinement  needs  to  be  done. 

This  is  just  the  fi-s,.  step,  and  much  work  remains  to  improve  the  accuracy 
and  resolution  of  two-dimensional  techniques. 

The  data  that  will  be  presented  in  this  chapter  will  not  include 
all  the  developmental  shots  that  lead  to  the  present  technique.  Only  the 
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final  results  using  the  finished  technique  will  be  shown,  The  purpose  of 
these  final  shots  was  two-fold.  First,  it  had  to  be  demonstrated  that  the 
technique  was  workable  and  that  the  results  could  be  repeated.  Second,  it 
had  to  be  demonstrated  that  physically  meaningful  results  could  be  obtained 
that  could  be  compared  to  the  predictions  of  the  computer  code.  This  would 
not  only  provide  a test  of  the  experimental  method,  but  would  also  provide 
an  evaluation  of  the  code.  The  criteria  for  choosing  the  design  parameters 
of  the  final  shots  were  based  on  these  two  objectives. 

Table  4.1  gives  the  design  parameters  for  the  final  six  shots.  The 
shot  numbers  do  not  have  any  relation  to  the  number  of  shots  fired  in  this 
series  of  experiments.  Shots  79,  80,  and  81  were  done  to  demonstrate  the 
repeatability  of  the  method.  This  required  building  three  targets  which 
were  as  similar  to  one  another  as  possible.  In  order  that  the  three  wedges 
be  as  similar  as  possible,  the  wedge  material  was  chosen  to  be  6061 -T6 
aluminum,  which  is  easily  machinable  and  whose  properties  are  well  known. 

The  projectiles  are  machined  from  6061-T6  aluminum,  so  this  also  meant  that 
the  projectile  and  wedge  would  be  the  same  material.  The  projectile  velocity 
was  to  be  .09  centimeters  per  microsecond  for  all  three  shots,  but  this 
turned  out  to  be  the  least  repeatable  part  of  the  experiment.  As  can  be 
seen  in  Table  4.1,  shots  79  and  81  were  within  .5%  of  one  another  at  about 
.083  centimeters  per  microsecond,  but  shot  30  was  about  4.5%  lower  than  these 


Figures  4.1,  4.2,  and  4.3  show  the  dual -beam  oscilloscope  records 
obtained  from  these  shots.  As  can  be  seen  from  the  figures,  the  initial 
levels  of  the  traces  did  not  always  match,  even  though  the  initial  voltages 
were  known  to  match  to  within  a few  hundredths  of  a percent.  Since  the 
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mismatch  in  the  initial  levels  was  larger  than  this,  the  data  adjustment 
described  in  Section  3.4.2  was  made. 


The  traces  are  very  smooth  and  even,  without  any  visible  signs  of 
noise.  They  continue  decreasing  smoothly  up  to  the  point  at  which  the  con- 
tact line  between  projectile  and  wedge  has  moved  to  the  tip  of  the  wedge. 

At  this  time  the  projectile  impacts  the  wedge  mounting  surface  described 
in  Section  3.3  and  waves  begin  to  propagate  through  the  target,  which  may 
cause  the  signals  to  break  up.  By  this  time  the  contact  point  has  moved 
close  to  the  tip  of  the  wedge.  The  voltage  at  which  the  signal  quits 
represents  the  voltage  across  that  part  of  the  wire  which  extends  beyond 
the  tip  of  the  wedge. 

Figures  4.4,  4.5,  and  4.6  show  the  reduced  data  from  shots  79,  80, 
and  81.  These  records  of  free  surface  velocity  as  a function  of  wedge  posi- 
tion include  both  the  curve  for  which  the  adjustment  of  Section  3.4.2  was 
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made  and  that  for  which  it  was  not  made.  Depending  on  the  positions  of  the 
baselines  and  initial  levels  the  adjusted  values  may  be  larger  or  smaller 
than  the  unadjusted  values.  In  all  three  of  these  shots  the  baseline  levels 
were  superimposed,  but  the  initial  level  of  the  second  trace,  which  corres- 
ponds to  the  wire  with  the  larger  offset,  was  greater  than  that  of  the  first 
trace.  This  means  that  the  adjusted  free  surface  velocity  is  larger  than  the 
unadjusted,  so  in  Figs.  4.4,  4.5,  and  4.6  the  top  line  gives  the  corrected 
values  of  free  surface  velocity  as  a function  of  position.  The  wedge  co- 
ordinate is  defined  so  that  it  is  zero  at  the  tip  of  the  wedge. 

All  three  records  show  the  same  general  type  of  behavior.  There  is 
an  increase  in  velocity  at  the  beginning,  which  corresponds  to  points  near 
the  high  end  of  the  wedge.  Later  comparisons  with  the  computer  code  will 
show  that  this  initial  increase  is  due  to  rarefactions  generated  at  the  high 
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end  of  the  wedge.  This  surface  is  free  to  move  away  from  the  wedge,  and  the 
resulting  rarefactions  decay  the  shock  so  that  the  free  surface  velocity  is 
lower  at  this  end  of  the  wedge.  The  contact  line  between  projectile  and 
wedge  along  with  the  attached  shocks  moves  faster  than  the  rarefactions  from 
the  end,  and  by  the  time  this  region  has  outrun  the  rarefactions  the  free 
surface  velocity  has  attained  its  steady-state  value.  The  reduced  data  show 

that  this  steady-state  value  is  attained  in  the  region  of  wedge  coordinate 

/ 

3.2  centimeters  to  3.4  centimeters.  Since  the  wedge  length  is  4.45  centi- 
meters, this  shows  that  only  the  first  1 to  1.2  centimeters  of  the  wedge  are 
affected  by  the  rarefactions  from  the  end,  and  the  rest  of  the  wedge  is 
described  by  the  steady  flow  picture  given  in  Section  1.2.1. 

It  may  be  noticed  that  the  record  does  not  extend  to  the  maximum 
wedge  coordinate,  which  corresponds  to  the  high  end  of  the  wedge.  This  is 
also  due  to  the  rarefactions  from  the  high  end  of  the  wedge.  Because  of 
these  rarefactions  the  wedge  free  surface  is  concave  upward  in  the  region 
of  large  wedge  coordinate,  and  the  point  on  the  free  surface  which  first 
contacts  the  wire  is  not  the  point  which  was  originally  at  the  high  end  of 
the  wedge.  Thus,  the  discontinuities  in  voltage  seen  in  Figs.  4.1,  4.2,  and 

4.3  would  be  present  even  if  the  wire  did  not  extend  beyond  the  high  end  of 
the  wedge.  For  this  reason  the  records  begin  at  a wedge  coordinate  smaller 
than  the  maximum  value. 

The  reduced  data  show  that  the  measured  free  surface  velocity  is  not 
completely  constant  even  after  it  has  attained  its  steady  state  value.  The 
roughness  in  the  record  is  attributed  to  scatter  in  the  data  and  not  to  any 
physical  changes  in  the  sign  of  the  acceleration  of  the  free  surface.  A com- 
parison of  the  three  reduced  records  shows  no  apparent  pattern  to  these 
changes. 
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The  repeatability  of  the  measurement  technique  is  shown  by  Fig.  4.7 
in  which  the  adjusted  curves  of  measured  free  surface  velocity  versus  wedge 
position  for  shots  79,  80,  and  81  are  plotted  on  the  same  graph.  Table  4.1 
shows  that  shot  30  had  the  lowest  measured  projectile  velocity  and  that  81 
had  the  highest.  The  measured  free  surface  velocities  for  the  shots  show 
this  same  order.  Shots  79  and  81  had  the  same  projectile  velocity  to  within 
less  than  1%.  The  adjusted  measured  free  surface  velocity  curves  for  these 
two  shots  show  a maximum  deviation  of  about  5 % in  the  region  about  3.2  centi- 
meters from  the  tip  of  the  wedge,  and  the  curves  overlap  in  the  region  close 
to  the  tip.  The  average  deviation  between  the  two  curves  is  at  most  2%  to 
3%.  The  projectile  velocity  of  shot  80  was  about  5%  lower  than  the  projectil 
velocity  of  shots  79  and  81,  and  the  curve  of  measured  free  surface  velocity 
for  this  shot  is  also  about  5%  lower  than  the  curve  for  those  shots. 

The  comparisons  between  measured  free  surface  velocity  and  measured 
projectile  velocity  for  these  three  shots  show  that  repeatability  of  the 
technique  is  very  good.  This  comparison  is  not  meant  to  imply  that  the  free 
surface  velocity  is  linearly  related  to  the  projectile  velocity  in  general. 
The  shots  were  as  similar  in  all  respects  as  possible,  and  it  was  hoped  that 
the  projectile  velocities  would  be  the  same  on  all  three  in  order  to  facili- 
tate a comparison.  However,  it  is  not  possible  to  control  the  projectile 
velocity  with  that  much  accuracy.  Because  of  this  the  comparison  is  not  as 
straightforward  as  could  be  hoped.  However,  if  all  else  is  held  constant, 
the  free  surface  velocity  does  increase  with  increasing  projectile  velocity. 
The  results  of  these  three  shots  show  that  even  with  the  small  disparities 
in  projectile  velocity,  the  repeatability  is  good  enough  that  there  are  no 
anomalous  results  in  which  a smaller  projectile  velocity  yields  a larger  free 
surface  velocity.  Furthermore,  the  methods  of  Chapter  2 indicate  that  for 
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the  case  considered,  the  percentage  change  in  the  free  surface  velocity 


should  roughly  equal  the  percentage  change  in  projectile  velocity  as  the 
latter  varies  between  .088  and  .034  centimeters  per  microsecond.  Taken 
together,  these  facts  indicate  that  the  technique  is  repeatable  to  within 
3%  to  4%. 

The  purpose  of  the  next  three  shots  was  to  obtain  some  data  that 
could  be  compared  to  the  computer  code  calculations.  The  data  from  the  first 
three  shots  could  also  be  compared  to  the  code,  but  the  6061 -T6  aluminum 
was  not  expected  to  show  any  detectable  rate-dependent  effects.  The  con- 
stancy of  the  free  surface  velocity  as  a function  of  wedge  position  in  the 
steady-state  region  bears  this  out.  Wedge  materials  for  the  next  three  shots 
were  therefore  chosen  for  their  expected  rate-dependent  behavior.  The  mate- 
rials chosen  were  iron  and  KC1 . Iron  undergoes  a solid-solid  phase  transi- 
tion from  body-centered-cubic  structure  to  hexagonal -close-packed  at  a pres- 
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sure  of  about  130  kilobars  at  room  temperature.  KC1  undergoes  a solid- 

solid  phase  transition  from  NaCl  structure  to  CsCl  structure  at  about  20 
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kilobars  at  room  temperature.  Therefore  if  these  materials  are  shocked 
past  their  transition  points,  a two-wave  structure  will  develop.  Figures 
4.8,  4.9,  and  4.10  show  the  adjusted  curves  of  free  surface  velocity  versus 
wedge  position  for  shots  82,  83,  and  84.  The  difference  between  these  data 
and  those  for  aluminum  is  readily  apparent.  While  the  aluminum  data  show 
a constant  free  surface  velocity  in  the  steady-state  region,  the  free  surface 
velocity  increases  toward  the  tip  of  the  wedge  in  both  the  iron  and  KC1 
wedges.  This  can  be  compared  to  a run  of  the  computer  code  which  includes 
phase  transitions.  The  irregularities  at  the  end  of  the  records  of  shots  82 
and  83  represent  signal  breakup  due  to  the  projectile  impacting  the  target 
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Reduced  data  from  shot  75-082 
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past  the  tip  of  the  wedge,  and  it  is  not  felt  that  they  represent  actual 
changes  in  wedge  free  surface  velocity. 

In  order  to  determine  the  effects  of  data  trace  reading  error  des- 
cribed in  Section  3.4.5,  the  record  for  shot  81  was  completely  reread. 
Figure  4.11  shows  the  adjusted  curve  of  free  surface  velocity  versus  wedge 
position  for  both  the  first  and  second  readings.  The  closeness  of  the  two 
curves  indicates  that  reading  error  is  less  than  1%. 
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5.  FINITE  DIFFERENCE  CODE 


The  second  objective  of  this  work  is  the  development  of  a finite- 
difference  computer  code  to  be  used  to  analyze  the  two-dimensional  strain 
experiment.  This  chapter  describes  the  basic  code,  which  includes  material 
strength  but  not  stress  relaxation  or  phase  transitions.  The  addition  of 
these  capabilities  to  the  basic  framework  of  this  chapter  will  be  described 
In  the  next  two  chapters.  The  simple  equation  of  state  described  here  is 
modified  when  phase  transitions  are  added.  As  stated  in  Section  1.2.3,  the 
code  is  Lagrangian  in  that  it  refers  to  a mesh  which  is  fixed  in  the  material 
and  moves  with  it,  so  that  a given  mesh  point  always  refers  to  the  same  mate- 
rial point.  The  basic  code  is  similar  to  the  two-dimensional  Lagrangian 
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code  Toody. 

5.1  Governing  Equations 

As  previously  stated,  the  code  refers  to  a Lagrangian  mesh  which  is 
fixed  in  and  moves  with  the  material.  The  mesh  points  are  identified  by 
their  Lagrangian  coordinates  j and  k.  The  spatial  positions  of  the  mesh 
points  are  given  in  terms  of  the  X and  Y coordinates  of  an  Eulerian  coordi- 
nate  system  fixed  in  space.  The  equation  of  motion  isDJ 


di  = 1 v 

dt  p 


(5.1) 


where  $ is  the  particle  velocity,  o is  the  Cauchy  stress  tensor  referred  to 

the  Eulerian  coordinate  system,  7 is  the  Eulerian  gradient  operator,  and 
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d/dt  is  the  convective  derivative. 
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The  convective  derivative  gives  the  change  in  a quantity  as  seen  by  an 


observer  moving  with  the  flow.  This  need  not  be  evaluated  by  the  use  of  the 


right-hand  side  of  Eq.  (5.2)  but  merely  by  taking  the  time  derivative  of  a 


quantity  while  holding  the  Lagrangian  coordinates  constant. 


In  component  form  the  equation  of  motion  in  two  dimensions  becomes 


pdx/dt  - 3°xx/8x  + 9aXy/ay 


(5.3) 


pdy/dt  = 3axy/3x  + 3oyy/3y 


(5.4) 


where  x and  y are  the  convective  derivatives  of  x and  y.  Conservation  of 


mass  is  implicit  in  the  Lagrangian  form  because  the  mass  contained  within  each 


mesh  is  constant. 


The  equation  of  state  will  be  elastic-plastic.  Hooke's  law  in 


incremental  form  is 


do..  = A dA  <$••  + 2u  de . . 
1J  1J  1J 


(5.5) 


where  dA  is  the  dilatation,  c is  the  strain  tensor,  6..  is  the  Kronecker 

’ J 


delta,  and  A and  u are  the  Lame  constants. 


Introducing  the  stress  and  strain  deviators 


S . . = o . . - a 6.- 
ij  U m ij 


(5.6) 


deij  = deij  ' dem  6ij 


(5.7) 


Id 

m 
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o = (a  + a +o  )/3  = -P 
m ' xx  yy  zz" 


(5.8) 


dem  = (dexx  + deyy  + dt2Z)/3  = dA/3  = dV/3V 


(5.9) 


Hooke's  law  may  be  written 


dS1J  + d%  sij  * * d4  s1j  + 2l,(de1J  + dcm  V 


(5.10) 


Equating  the  deviator  parts. 


dSi j = 2V  de^  * 2v(deij  - 6ij  dV/3V) 


(5.11) 


If  these  changes  occur  in  time  dt. 


Sij  " 2w^eij  "6ij  V/3V) 


(5.12) 


where  the  velocity  strains  are  defined  as 


e j j = (l/2)(3xi/3Xj  + 3Xj/3x. ) 


(5.13) 


By  definition  the  sum  of  the  diagonal  elements  of  the  strain  deviator  tensor 
is  equal  to  zero;  in  two-dimensional  strain  V/V  is  equal  to  the  sum  of  e 


A constitutive  equation  must  satisfy  the  criterion  of  frame-indiffer- 
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ence,  which  means  it  should  be  correct  for  coordinate  transformations  in  which 

distance  and  time  intervals  are  unchanged, including  rigid  body  motion.  If 
• 

S. . is  the  ordinary  Lagrangian  derivative,  Eq.  (5.12)  is  not  frame-indifferent 

' J 

under  rigid  body  motion.  Considering  the  x component. 


sxx  ■ 2“<5xx  - V/3V) 


(5.14) 


For  a rigid  body  rotation  both  e and  V/V  are  zero,  implying  S is  zero. 

xx 

However,  for  rigid  body  rotations  the  magnitude  of  the  force  S • n acting  on 

a face  with  unit  normal  n is  unchanged,  but  the  individual  components  S ^ 

etc.  related  to  an  Eulerian  coordinate  system  fixed  in  space  are  changed. 

Thus,  if  the  body  under  consideration  rotates  rigidly  through  some  angle  a 

about  the  z-axis,  the  total  change  in  Sxx  is  not  zero,  even  though  the  right- 

hand  side  of  the  above  equation  is  zero.  Tensors  transform  under  rotation 

57 

according  to  the  rule 


S ! . = a . a , S 
ij  im  jn  mn 


where  repeated  subscripts  imply  summation. 

For  rotation  about  a z-axis  through  the  infinitesimal  angle  a, 

/I  a 0 \ 


(5.15) 


A = ||a..[[  = I -a  1 0 

'o  0 1 


S'  = S +25  a 
xx  xx  xy" 


S'  = S -2S  o 
yy  yy  xy" 


s'  = s + (s  - s )a 

xy  xy  v yy  xx'" 


(5.16) 


(5.17) 


(5.18) 


(5.19) 


Just  as  the  strain  is  the  symmetric  part  of  the  velocity  gradient 
tensor,  the  rotation  is  the  anti -symmetric  part.  Thus  the  velocity  strain 

C 

tensor  is  given  in  Eq.  (5.13)  and  the  rate  of  rotation  or  vorticity  tensor' 


Vij  = (1/2) (axi/3xj.  - 3Xj/3X.) 


(5.20) 


'-V-V-V- ' 


Therefore,  the  rata  of  rigid  body  rotation  in  the  x-y  plane  is 


V*v  s (l/2)(ax/3y  - 3y/ax) 


(5.21) 


In  time  6t  the  angle  through  which  the  body  rotates  is  a = VXy<5t.  So 


Sxx(t  ♦ St)  = Sxx(t)  ♦ 2Sxy  Vxy  <t 


(5.22) 


or 


!*■«<»  * 5t>  - = 2Sxy  Vxy 


(5.23) 


In  the  limit  the  contribution  to  Sxx  due  purely  to  rigid  body  rotation  is 


S = 2S  V 
xx  xy  xy 


(5.24) 


The  full  set  of  frame-indifferent  equations  including  changes  in  S due  both 
to  distortion  of  the  mesh  ind  rotation  of  the  mesh  is 


xx  xy' 

S =-S  < 
yy  xy' 


xy 


yy  xx' 


XX  - V'3V> 

(5.25) 

yy  ' */3V) 

(5.26) 

3y/3x)  + 2u£xy 

(5.27) 
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The  Von  Mises  yield  condition  is 


02  < Y‘/3 


(5.28) 


where  J2=0/2)S.  .S.  i^  the  second  invariant  of  the  stress  deviator  tensor, 

and  Yq  is  the  yield  strength  in  simple  tension. 

In  two-dimensional  strain  e , a , and  e are  the  only  non-zero  strain 

xx  yy  xy 

components.  Then,  from  Eq,  (5.11),  S , S , S , and  S are  the  only  non-zero 

yy  j\y 
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stress  deviators,  and 


J2  ■ (1/2HS*,  + s*y  ♦ S^2  * 25^) 


(5.29) 


By  definition  5^=0,  so 


S = -(S  + S ) 

zz  v yy  xx ' 


(5.30) 


2 2 2 

Jo  = S + S + S + S S 
2 xx  yy  xy  xx  yy 


(5.31) 


In  Eq.  (5.12)  the  deviator  stress  should  be  related  only  to  the 
elastic  part  of  the  deviator  strain.  If  the  material  is  completely  elastic 
the  elastic  strain  is  the  total  strain.  However,  in  plasticity  theory,  the 
deviator  strain  is  normally  decomposed  into  elastic  and  plastic  parts. 
Elastic-plastic  theory  is  implemented  here  by  performing  the  calculation  in 
Eq.  (5.25),  (5.26),  and  (5.27)  as  though  the  material  were  completely  elastic 
by  using  the  total  strain  in  the  equations.  The  Von  Mises  yield  criterion  is 
then  applied  to  determine  whether  the  material  behavior  is  elastic  or  plastic. 
If  the  inequality  in  Eq.  (5.28)  is  satisfied,  the  material  is  elastic;  if  not, 
it  is  plastic.  Plotted  in  principal  stress  deviator  space,  the  equality  in 
Eq.  (5.28)  defines  a sphere  centered  on  the  origin.  The  fact  that  the  sum  of 
the  principal  stress  deviators  must  vanish  requires  all  obtainable  points  in 
this  space  to  lie  on  a plane  through  the  origin.  The  intersection  of  this 
plane  with  the  sphere  described  by  the  yield  criterion  is  a circle.  If  the 
material  state  is  such  that  the  point  defined  By  , S2,  and  lies  within 
this  circle,  the  material  is  elastic;  if  the  point  is  outside  the  circle,  it 
is  plastic.  Plastic  flow  is  described  by  assuming  that  the  stress  deviators 
are  maintained  at  the  elastic  limit.  Thus  if  at  any  time  Eqs.  (5.25),  (5.26), 


yw 


and  (5.27)  give  a point  which  lies  outside  the  yield  circle,  the  material  is 
assumed  to  flow  plastically  and  the  stress  state  is  moved  normally  back  to  the 
yield  surface.  This  limits  the  stress  component  associated  with  the  plastic 
strain.5*9 

The  stress  state  is  moved  normally  back  to  the  yield  surface  by 
multiplying  each  of  the  principal  stress  deviators  by  the  same  constant,  so 
that  the  equality  in  Eq.  (5,28)  is  satisfied.  However,  it  is  not  necessary 
to  compute  the  principal  stress  deviators  in  order  to  do  this.  The  principal 
stress  deviators  are  obtained  from  the  components  of  the  stress  deviator 
tensor  in  a representation  with  respect  to  any  other  set  of  axes  by  a trans- 
formation of  the  type  described  by  Eq.  (5.15).  The  principal  stress  deviators 
are  a linear  combination  of  any  other  set  of  non-principal  stress  deviators. 
Thus,  multiplying  all  non-principal  stress  deviators  by  a given  constant  is 
equivalent  to  multiplying  the  principal  stress  deviators  by  that  constant. 
Therefore  elastic-plastic  behavior  is  implemented  by  calculating  the  stress 
deviators  from  Eq.  (5.25),  (5.26),  and  (5.27)  using  the  total  strain.  If 
Eq.  (5.28)  is  violated,  each  stress  deviator  is  multiplied  by  the  same  con- 
stant so  that  the  equality  holds  in  Eq.  (5.28). 

The  increase  in  internal  energy  produced  by  adding  an  amount  of  heat 
dQ  to  unit  mass  and  doing  work  dW  on  it  is 

dE  = dQ  + dW  (5.32) 

In  the  present  case 

dE  = dQ  + Vo.  .de.  . (5.33) 

In  terms  of  stress  deviators  and  P, 


dE  = dQ  + VS.  .de. . - VP(d V/V) 

I J I J 


(5.34) 


It  is  assumed  that  there  is  no  transfer  of  heat  to  or  from  the  mass 


element,  dQ=0.  If  the  above  amount  of  work  is  done  in  time  dt,  then 


E - VS1jtjJ  - VP(V/V) 


= V(S  e +S  e + 2S  i - P V/V) 
' xx  xx  yyyy  xy  xy  7 ' 


(5.31 


The  equation  of  state  for  the  mean  pressure  will  start  from  the 
60 


general  equation 


P = PH  + pr(E  - Eh) 


(5.3b 


where  the  subscript  H refers  to  quantities  on  the  Hugoniot.  If  the  Hugoniot 
is  represented  by  an  equation  of  the  form 


Us  * C0  * sup 


(5.37 


then 


PH  =p0C0n/(1  " Sn^ 


(5.3b 


and 


EH  = PHn/2p0 


(5.39 


where 


n = 1 - pq/p 


(5.40 


If  it  is  assumed  that  pr=p0rQ=constant , then 


P - PqCqh/O  - sn)2  + pQr0  [E  - C2n2/2(1  - sn)2] 


“ Pncnn^  " Tnn/2)/(l  - sn)2  + pnrnE 


(5.4 


The  bulk  sound  speed  is  given  by 


Cb  * (3P/3p) g (5.42) 

where  s denotes  entropy.  Differentiating  the  expression  for  P, 

Cb  = ^P0C0^P^2  ^ “ V + " Sn^3  + p0r0P/,p2  (5.43) 

The  elastic  sound  speed  is 

c[  = (K  + 4p/3)/p  (5.44) 

while  the  bulk  sound  speed  is 

Cb  = K/p  (5.45) 

K and  p are  related  by 

p = 3(1  - 2v)K/2(l  + v)  (5.46) 


where  v is  Poisson's  ratio.  Then 

u = 3(1  - 2v)pC^/2(l  + v)  (5.47) 

2 

Putting  in  p and  K,  the  expression  for  becomes 

= 3(1  - v)Cb/(l  + v)  (5.48) 

2 2 
Cb  is  thus  known  as  a function  of  P and  p,  and  p and  are  found  from  the 

above  equations,  assuni  ig  that  Poisson's  ratio  is  constant. 

Shocks  are  handled  in  the  program  by  use  of  the  Von  Neumann  and 

Richtmeyer  method  of  artificial  viscosity. ^ This  involves  replacing  P by  P+q 

where  q is  the  artificial  viscosity.  The  inclusion  this  term  spreads  the 

shock  over  a few  meshes,  so  that  shocks  become  regions  where  quantities  are 
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changing  rapidly,  rather  than  discontinuities,  allowing  the  difference  equa- 
tions to  describe  the  situation.  The  artificial  viscosity  will  be  the  same  as 
that  used  in  TOODY 


m 


mi 


s 


m 


q = pAB2(V/V)2  - pA^B2CL(V/V); 


= 0,  V/V  > 0 


V/V  < 0 


(5.49a) 

(5.49b) 


where  A is  the  mesh  area,  included  so  that  the  constants  B^  and  B2  are  dimen- 
sionless. 


5.2  Recapitulation 

The  equations  to  be  used  in  the  program  are: 


a = S - (P  + q) 
xx  xx  v 


(P  + q) 


2-  °yy  = syy 

3‘  °xy  Sxy 


4.  p dx/dt  = 3oxx/ax  + 3axy/3y 

5.  p dy/dt  = 3oxy/3x  + 3oyy/3y 


6.  exx  = 3x/3x 


7.  i . 


3y/3y 


8.  exy  = (l/2)(3y/3x  + 3x/3y) 

9.  V/V  = 3x/3x  + 3y/3y 

10.  C2  = (pqCq/p)2  (1  - rQn  + Sn)/(1  - Sn)3  + PqTqP/p' 

11.  u - 3(1  - 2v)pCb/2(l  + v) 

12.  Sxx  » Sxy(3x/3y  - 3y/3x)  + 2p(£xx  - V/3 V) 

13.  Syy  =-Sxy(3x/3y  - 3*/3x)  + 2u(£yy  - V/3V) 


(5.50a; 

(5.50b] 

(5.50c] 

(5.3] 

(5.4] 
(5.51a] 
(5.51b] 
(5.51c] 

(5.52] 

(5.43] 

(5.47] 

(5.25] 

(5.26] 


9 

* << •Z/'/loC'Vvv!  ]•  v V’vAv'V, 


: 

n 


14. 

Sxy  = 0/2)(Syy  - Sxx)(3x/3y  - 3y/3X)  + 2yexy 

(5.27) 

15. 

? 2 2 

J2  = Sxx  + Sxy  + Syy  + SxxSyy 

(5.31) 

16. 

if  j2  > yJ/3.  S- j = stj  ^20m2 

(5.53) 

17. 

C2  = 3(1  - v)C2/(l  + v) 

(5.48) 

18. 

q = pAB2  (V/V)2  - PAi5B2CL(V/V),  V/V  < 0 

(5.49a) 

= 0,  V/V  > o 

(5.49b) 

19. 

E = V [ S i + S i + 2S  c - (P  + q)V/V] 
L xx  xx  yy  yy  xy  xy  v 

(5.54) 

20.  P = PqCqH ( 1 - r0n/2)/(l  - sn)2  + PqTqE 


(5.41) 


5.3  Difference  Equations 


The  finite  difference  scheme  to  be  used  was  developed  by  Mark  Wilkins 


and  is  used  in  HEMP  and  T00DY.  It  is  based  on  the  identity 


dA  x V 


7tl>  - 0 

JC 


(5.55) 


where  \ji  is  a scalar  function  defined  over  an  area  A enclosed  by  the  curve  C. 
Taking  a small  area  in  the  x-y  plane,  as  shown  in  Fig.  5.1, 


dA  = kdA 


(5.56) 


where  k is  the  unit  vector  in  the  z direction  and  dA  is  the  area  enclosed  by 
curve  C.  If  the  area  is  small  enough,  the  left-hand  integrand  may  be  taken  as 
constant  and  equal  to  its  value  at  the  point  x,y.  Thus 


f dA  x = dA  ( k x v.;) 

Ja 

= dA(-ia>;/3y  + j3-;/3x) 


(5.57) 


m 


So 


dA(-i3^/3y  + j3’j//3x)  = i^  i^dx  ipdy 

(5.58) 

A A 

where  i and  j are  unit  vectors  in  the  x and  y directions, 
mate  formulas  for  the  partial  derivatives  are 

Therefore  approxi- 

diii/Bx  = <p  \pdy/dA 

J c 

(5.59a) 

U-dx/dA 

(5.59b) 

Material  points  are  identified  by  means  of  Lagrangian  coordinates  j 
and  k.  In  the  Lagrangian  coordinate  system  the  material  is  represented  by  an 
unchanging  rectangular  mesh  formed  by  intersecting  lines  of  constant  j and 
constant  k,  as  shown  in  Fig.  5.2. 

Spatial  coordinates  of  the  Lagrangian  point  j,k  are  given  in  terms 
of  the  coordinates  x and  y of  an  Eulerian  coordinate  system  fixed  in  space. 

Thus  x.  . is  the  Eulerian  x position  of  the  Lagrangian  point  j,k,  and  y.  , is 

J » K J 9 K 

its  y position.  Plotting  positions  of  each  of  the  Lagrangian  points  j , k in  the 
Eulerian  x,y  system  as  in  Fig.  5.3  produces  a mesh  that  defines  the  shape  of 
the  material . 

Equations  (5.59a)  and  (5.59b)  approximating  the  partial  derivatives 

may  be  applied  to  the  quadrilaterals  formed  in  the  Eulerian  system  by  the 

intersections  of  lines  of  constant  j and  k.  If  . is  some  function  defined 

in  the  j,k  plane,  as  in  Fig.  5.4,  ^ . , will  denote  tne  value  of  o at  the  posi- 

J 5 K 

tion  of  the  Lagrangian  nesh  point  j,k.  For  convenience  of  notation,  when 
referring  to  Fig.  5.4  the  position  of  j,k  will  be  denoted  by  point  1,  j,k-l 
by  point  2,  j-l,k-l  by  point  3,  and  j-l,k  by  point  4.  If  $ were  constant 
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E 


—0 V- w -■  »gwu«  u ■ n ■ 
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along  each  of  the  line  segments  TZ,  23,  34,  41,  then 

f *<ly  = * (y2  - y,)  + (.  (y3  - y2) 

Jim  12  23 


+ 4-_(y4  - y3)  + <p (y,  - y4) 

34  4 J 41  1 4 


(5.60) 


where  <p is  the  constant  value  of  <p  along  the  line  segment  T2\  y,  is  the  y 

12  1 

position  of  point  1,  etc.  Taking  ij> = (iK  + >j>9)/2,  etc.,  then 

12  1 * 

a ipdy  = [(^  - ^3)(y2  - y4)  + U2  - >l*4)(y3  " y^ ) 3/2  (5.61) 

•»  1 4 


1234 


Now 


p ijidy/A  is  the  partial  derivative  of  ip  with  respect  to  x within  the 
J 1234  '“4 

quadrilateral  defined  by  points  1234  in  Fig.  5.4.  For  convenience  of  notation 
this  quadrilateral  will  be  referred  to  as  0.  The  formula  defines  the  partial 
derivative  at  some  point  x,y  within  O.  Quantities  defined  within  a mesh 
quadrilateral  are  assumed  constant  throughout  it.  Therefore  the  formula  for 
the  partial  derivative  of  p with  respect  to  x in  quadrilateral  0 is 


r?« 


W 


3-^/ 3x  | = [(<l*i 

CD  ' 


Similarly 


*3)(y2  - y4)  + (4*2  - 44)(y3  _yi^/2A0  (5-62) 


9ii*/3y|  ^=-[(<1*1  - *3)(x2  - x4)  + (iP2  - '1*4)(x3  - x-j ) ]/2A^  (5.63) 

where  A^  is  the  area  of  quadrilateral  0.  This  defines  derivative  values 
within  the  mesh  quadrilateral  in  terms  of  quantities  known  at  the  mesh  points. 
However,  the  derivatives  of  some  quantities  are  required  at  the  mesh  ooints 
instead  of  the  mesh  centers.  For  these  cases  Eq.  (5.60)  will  be  used.  For 
example,  if  the  derivative  of  some  quantity  p is  required  at  point  1 in  Fig. 
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V* 

3 


5.4,  Eq.  (5.60)  is  applied  to  the  quadrilateral  defined  by  the  points  2,  4,  5, 
and  6.  Since  the  line  segments  62”,  24,  etc.  pass  through  the  mesh  centers. 


respective  mean  values  of  ip  along  these  line  segments  are  ^0»*0  etc. 

A straightforward  application  of  Eq.  (5.60)  yields 

3i|i/3x  | ■ [*0  (y2  - y6)  + *0(y4  - y2)  + ^0^5  - y4) 

+ *0(y6  " y5^/A2456  (5.64) 

Similarly 

3*/3yl  =‘^0(x2  ■ x6^  + *0  (x4  ■ x2^  + *0(x5  “ x4) 

+ " X5^A2456  (5.65) 

where  is  the  area  of  the  quadrilateral  defined  by  points  2,  4,  5,  and  6 

in  Fig.  5.4. 

To  implement  Eqs.  (5.62)  and  (5.65)  in  the  code,  the  shorthand  nota- 
tion of  Fig.  5.4  must  be  replaced  by  notation  using  the  general  j,k  indices. 
Mesh  points  have  integral  j,k  indices,  and  mesh  centers  have  half-integral 
indices.  For  example,  quadrilateral  0 has  the  indices  j+ij,k+is.  To  avoid 
half-integers,  quantities  defined  at  mesh  centers  will  be  given  the  index  of 
the  mesh  point  with  the  next  highest  j,k  value,  as  indicated  by  the  arrows  in 
Fig.  5.4.  Thus  mesh  0 has  index  j,k,  0 has  j,k+l,  0 j+1 ,k+l , and  0 
j+l,k.  Even  though  quantities  known  at  mesh  centers  will  have  integral  space 
indices,  they  will  be  understood  to  be  defined  at  the  mesh  centers.  Table  5.1 
lists  quantities  known  at  mesh  centers  along  with  those  known  at  mesh  points. 
With  this  convention  Eqs.  (5.62)  and  (5.63)  become 


■ 
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3*/3x^k  ~ [(4,j,k  ' ^j-l.k-l  ){yj,k-l  " yj-l,k) 

+ ,k-l  " ,k)(yj-l  ,k-1  " yj,k)]/2Aj,k  (5.66) 

3*/3y'j,k  ="C^J»k  " ,k-l )(xj,k-l  " xj-l,k) 

+ ,k-l  " *j-l,k)txj-l,k-l  ‘ xj,k)]/2Aj,k  (5,67) 

Equation  (5.66)  may  be  used  to  derive  a formula  for  the  area  of  the  mesh  center 
with  index  j,k.  Setting  ^=x  in  Eq.  (5.66) 


Aj ,k  = [(xj,k  " xj-l,k-l)(yj,k-l  ‘ yj-l,k) 


+ {xj,k-l  " Xj-l,k)(yj-l,k-l  ‘yj,k)]/2 


(5.63) 


Density  is  required  in  many  of  the  equations,  which  means  that  a mesh 
volume  must  be  defined.  The  mesh  may  be  thought  of  as  three-dimensional,  with 
no  motion  allowed  in  the  z-direction.  Choosing  unit  length  for  mesh  parallele- 
pipeds in  the  z-direction  makes  mesh  volume  numerically  equal  to  mesh  area  in 
the  x-y  plane,  and  mesh  volume  and  mesh  area  become  interchangeable. 

Using  j,k  indexing,  Eqs.  (5.64)  and  (5.C5)  become 

3^3X^j  k " ^j>k_1  " + *j,k  ^yj-1,k  ” yj,k-l^ 

+ *j,k+l  (yj,k+l  ‘ y j -1 , k ^ + *j+l,k+l  (yj+l,k  " yj,k+l)]/Aj,k  (5,69) 


3^3yij,k  ="C'i'j+1’k  (xj.k-1  " XJ+l»k)  + *j,k  (xj-l,k  " xj,k-l) 

+ ♦j.k+l  (xj,k+l  ‘ xj-l,k'  + *j+lfk+l  (xj+l,k  " xj  ,k+l )]/Aj  ,k  (5-70) 

where  . is  the  area  of  the  quadrilateral  defined  by  points  2,  4,  5,  and  6 
J 
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in  Fig.  5.4.  Figure  5.4  shows  that  A'-  k contains  one-half  the  area  of  each  of 
the  4 mesh  centers  surrounding  point  j,k,  Thus 


Aj,k  = [Aj,k  + Aj ,k+l  + Aj+l,k+l  + Aj+l,k]/2 


(5.71) 


Time  indices  will  be  denoted  by  superscripts.  Thus  t is  time  at  the 

nth  time  step,  and  ^ . is  the  value  of  at  the  nth  time  step  and  the  posi- 

.1  * K 

tion  of  the  mesh  point  j,k.  Linear  interpolation  is  used  to  find  values  of 
quantities  at  half-integral  times: 


^ - (*"+l  + *1  J/2 

vj,k  yvj,k  *j,k" 


(5.72) 


Time  derivatives  are  centered  at  integral  time  values 


■*/«ij.k  * <♦$  - - 1-^) 


(5.73) 


However 


tn+i*  - t"'*5  = (tn+1  + tn  - tn  - tn_1)/2 


= (tn+1  - tn_1 )/2 


(5.74) 


Substituting  Eqs.  (5.69),  (5.70),  and  (5.73)  into  Eqs.  (5.3)  and  (5.4)  yields 


^ * <t"«  - t-'b  [.  (yjjk,  -yJ+1,k) 


+ °xxj  k ~ + °xxj  ,k+l  " JrJ"ljk> 


y i i t ) 


Ixxj+l,k+l  ^yJ+1,k  " yJ’k+1^  " xyj+l,k  " XJ+1»k^ 


l-S  v-VI\-T  KT\  7LV  7VT\  V V-  LV  X * \ v ' 


(5.79) 


ri  * x"  ♦ (tn+'  - t">*^ 


Similarly, 


j,k  j , k 


j.k 


- Vjn,k  * <tn+'  - tx,t 


(5.80) 


t 


Expressions  for  3x/3x,  3*/3y,  3y/3x,  and  3y/3y  follow  directly  from  Eqs. 

(5.66)  and  (5.67)  with  appropriate  substitutions  for  41.  Since  no  time  deriva- 
tives are  involved  in  these  equations,  all  terms  have  the  same  time  index. 

So  from  Eqs.  (5.51a),  (5.51b),  (5.51c),  and  (5.52), 


C**  = 3*/dx\n+h 

j.k  j,k 


(5.81) 


C4  = ay/ayin+is 

yyj,k  j,k 


(5.82) 


e"!*3  = (ax/3y  + 3y/ax)n+}5/2 


(5.83) 


(V/V)' 


(f  + £ ) 

xx  yy' 


(5.84) 


Density  is  given  by 


n+1  = m /vn+1 
j.k  Mj,k/Vj,k 


(5.85) 


Due  to  the  dependence  of  p on  and  thus  on  P,  E,  and  S^,  the  rest  of 
the  differenced  equations  cannot  be  easily  solved  explicitly  while  keeping 
precise  centering.  p needs  to  be  known  at  time  tn+is  but  since  is  not  yet 
known  at  time  tn  , the  old  value  of  must  be  used  in  the  equation  for  p. 


pPri*  = [3(1  - 2v)pC?/2(l  + v)]n 
j.k  j.k 


(5.86) 


Differencing  the  stress  deviator  equation, 


sn  = (Sn+i5  - sn~^).  ,/(tn+!*  - tn_is) 

xx . . v xx  xx  'j ,k  v ’ 

J j K 


(5.87) 


v.v.v.s 
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Stresses  are  needed  at  integral  times  in  the  equation  of  motion,  so,  adding  1/2 
to  time  indices. 


jn^  = (sn+l  _ sn  } ( n+l  _ n} 
xxj,k  XXj,k  xxj,k 

= (SxvWxv)n41S  + " V™)?** 

Xy  xy  j,k  xx  j,k 


(5.88) 


where 


W = 2V 
xy  xy 


(5.89) 


and  V is  defined  in  Eq.  (5.21).  Thus 
xy 


Sxx]  = Sxx  + (tn+1  - tn)[S  W + 2 u(£  - V/3V)]r 

xxj ,k  xxj,k  xy  xy  xx  j 


(5.90) 


Likewise 


C k ■ sJy.  „ * (t"t?  - tn)['Vxy  + 2u(£yy  ' 


(5.91) 


S"y'  „ ■ C „ + (t"+1  - t")CO/2HSyy  - Sxx)Wxy  ♦ 2„£xy]^  (5.92) 


This  set  of  equations  is  not  usable,  since  S?4*5  is  not  known.  However,  using 

' J 


s??  ’ (su  + SV/2 


(5.93) 


in  all  equations,  and  substituting  Eqs.  (5.90)  and  (5.91)  in  Eq.  (5.92)  there 
results  an  equation  that  can  be  solved  explicitly  for  . The  result  is 


Sxy  = {Sxy(1  ' al}  4 2Atu£xy  4 al[Syy  ' Sxx  4 Atlj(£yy  ' "xx)]}/(1  4 a?)(5-94) 


where  a,=AtW  /2  and  a,  y,  1 and  i are  evaluated  at  tn+^.  All 

I xy  i , xy  yy  xx 

quantities  are  evaluated  at  the  space  point  j,k,  and  At  a tn+^-tn' 


• . * « • . 


With  S known  the  other  two  equations  are 
xy 

■ Sxx  +‘«(’/2)(Snx;’  +s"  ) «"**  + [2„«xx  - V/3V)]"^)  (5.95) 

XXj,k  XXj,k  Xyj,k  xyj,k  xyj,k  xx  J'k 


€'  . ■ s"  . ♦ 4t{-(l/2)(s"+’  + S"  ) * [2 VU  - V/3V)]f*)(5.96) 


XJ,i.k  Xyj,k  xyj,k 


Jo  = [S^  + + s s ]l?+. 

2j,k  xx  xy  yy  xx  yyJj»k 


If  j!J+1  > Y2/3,  then 
j,k  u 


- S™.  , (V0/3J2+1  f 


(5.97) 


(5.98) 


while  if  < Y^/3  there  is  no  change. 

The  artificial  viscosity  is 

C * <1  ''C  <»'»>$  ^ * V",  J"w<o 

J 9 X 


= 0 if  V/V  > 0 


(5.99) 


This  equation  is  not  exactly  centered,  since  it  uses  the  values  of  CL  and  V/V 
at  times  tn  and  tn+",  respectively.  In  Eq.  (5.99) 


cn  = c"  /TU"-~TJ7n~^F 

j.k  j,k 


(5.100) 


where  cj?  is  obtained  from  Eq.  (5.43)  with  p,  y , and  P evaluated  at  time  tn 
jfk 

and  position  j,k. 


Differencing  the  energy  equation  yields 


En+1  = e"  + (tn+1  - tn)  Vn+ii[(S  £ + S £ + 2S  £ )n+^ 

j,k  j,k  j,k  X yy  yy  xy  xy  J’k 


(Pn+»2  + qn-Hjj  (v/V)n+J5] 
jjk  j ,k  j»k 


(5.101) 


Assume 


p"^  = (p"+i  + P")/2 


(5.102) 


q"**  . (qn+1  ♦ qn)/2 


(5.103) 


and  calculate  p from  Eq.  (5.41): 


where 


P = A3  + P0roE 
j,k  3 LOj,k 


(5.104) 


2nn+l 


A3  = [p0ConO  -r0n/2)/(l  - ShT]" 


(5.105) 


n+1  , , n+1 

n - 1 - pn/p 

j.k  j ,k 


(5.106) 


Equations  (5.101)  through  (5.105)  can  be  combined  to  give 

[En  + b,at  - ( At V/2 V ) n+J^  (A  + pn  + qn+1  + qn  )Vn+?2] 
En+1  - J.k j»k  ~ j,k  j ,k  j ,k  j ,k 

j »k  (1  + Vp0r0AtV/2V)n+ls 

j,k 


(5.107) 


where  b,  = [V(S  £ + S £ + 2S  £ )]  5 and  At 

1 L xx^xx  yy  yy  xy  xy  . 

J > K 


.n+l  .n  Tu 
t -t  . Then 


finally,  once  E.  ! is 

J > K 


known 


Pl»i'r  • _ « , _ r-n+1 

P A3  + pOrOE  . . 


(5.108) 


For  each  variable  calculated.  Table  5.2  shows  the  variables  needed  in 


the  equation  and  the  times  at  which  they  are  needed.  This  table  shows  that 
the  old  values  of  the  12  variables  *,  x,  y,  v,  M,  $ , S , S , E,  P,  and 

aa  /\y  yy 

q must  be  stored  for  each  mesh  point  in  order  to  advance  the  calculation  to  the 
new  time  step.  Values  do  not  need  to  be  stored  for  every  time  step,  since  in 
each  case,  except  for  the  variables  x and  y,  the  new  value  can  replace  the  old 
value  at  the  time  it  is  calculated.  Values  of  x and  y are  needed  at  the  old 
time  at  mesh  points  surrounding  the  one  being  calculated.  Referring  again  to 
Fig.  5.4,  the  calculation  starts  at  the  first  j line  and  proceeds  along  all  k 
values  for  each  j value.  When  the  calculation  has  reached  point  1,  which  has 
the  indices  j,k  in  the  figure,  all  points  with  a smaller  j index  have  been 
moved  to  the  new  time,  as  have  all  points  with  the  same  j index  and  smaller  k 
index.  Due  to  the  indexing  system  which  gives  mesh  center  (l)  the  same  index 
as  mesh  point  1 in  Fig.  5.4,  the  quantities  known  at  the  mesh  center  0 are 
advanced  to  the  new  time  at  the  same  time  as  quantities  known  at  the  mesh 
point  1.  At  the  time  mesh  point  1 is  being  advanced  to  the  new  time,  points 
2,  3,  and  4 in  Fig.  5.4  have  already  been  advanced.  However,  the  values  of 
x and  y at  the  old  time  are  needed  at  these  points  in  Eqs.  (5.81),  (5.82),  and 
(5.83).  Thus,  the  old  values  of  x and  y must  be  stored  for  the  present  and 
preceding  k lines. 

The  only  other  storage  required  is  for  material  propert’^s.  It  would 
be  possible  to  define  different  material  properties  for  every  point  in  the 
mesh,  and  this  is  the  upper  limit  on  the  number  of  different  materials  allowed 
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TABLE  5.2.  Quantities  required  to  advance  calculation 
to  new  time  step 


Variable  being 
advanced 
to  r.ew  time 


Variable  required 


Old  time 


New  time 


and  the  k values  of  the  dividing  lines  between  them.  Thus  material  properties 
need  to  be  stored  only  for  each  region. 

At  every  mesh  point  the  calculation  requires  values  of  variables  at 


the  surrounding  mesh  points.  At  the  outer  boundaries  of  the  material , the 
surrounding  points  do  not  exist  on  one  side.  This  problem  is  handled  by  creat- 
ing one  extra  row  of  meshes  outside  the  material  boundary  for  which  the 
quantities  are  not  calculated  but  are  set  at  the  beginning  of  the  program  to 
values  that  will  cause  the  material  boundary  to  behave  in  the  proper  manner. 
Since  all  boundaries  in  the  problem  under  consideration  are  free  surfaces, 

values  of  the  variables  M,  S , S , S , E,  P,  and  q are  initially  set  to 

xx  yy  xy 

zero  in  the  boundary  meshes  and  not  recalculated.  This  allows  the  material 
boundary  to  behave  as  a free  surface.  Thus,  as  can  be  seen  in  Fig.  5.5,  if 
there  are  N j lines  and  M k lines,  the  calculation  proceeds  from  j=2  to  j=N-l 
and  from  k=2  to  k=M-l  for  quantities  known  at  mesh  points,  and  from  j=b  to 
j=N-l  and  k=3  to  k=M-l  for  quantities  known  at  mesh  centers. 

The  boundary  between  projectile  and  wedge  changes  from  two  free  sur- 
faces before  impact  to  a single  material  boundary  after  the  point  of  contact 
between  projectile  and  wedge  has  passed  the  mesh  in  question.  The  k line 
corresponding  to  the  impact  surface  of  the  wedge  is  specified  by  the  user  and 
is  designated  as  MIMP  The  projectile  is  considered  to  extend  from  k=2  to 
k=MIMP-l , and  the  target  from  k=MIMP  to  k=M-l , as  seen  in  Fig.  5.5.  This 
leaves  one  row  of  intermediate  meshes  Detween  the  two,  which  has  the  index 
k=MIMP.  This  intermediate  mesh  is  used  to  simulate  the  effect  of  a projectile 


striking  a slanted  surface.  The  line  of  contact  between  the  projectile  and 


.1 


the  wedge  moves  along  the  projectile  face  with  velocity  V / tan  a,  where  V is 
projectile  velocity  and  a is  the  angle  of  the  wedge.  Projectile  and  wedge 
have  a length  L which  extends  from  j=2  to  j=N-l , thus  giving  each  j mesh  an 
initial  width  of  L/(N-3).  As  seen  in  Fig. 5. 5, the  contact  point  is  assumed 
to  be  at  j=2,  or  x=0,  at  time  t=0.  Thus,  the  x position  of  the  contact  point 
at  time  t is  Vpt/tana.  Dividing  this  distance  by  the  width  L/(N-3)  of  the  j 
meshes  gives  the  number  of  meshes  that  the  contact  point  has  passed  at  time  t. 
Since  the  first  mesh  beyond  j=2  has  the  index  3,  the  contact  point  is,  in 
mesh  coordinates,  3+Vpt(N-3)/Ltana  at  time  t.  At  the  start  of  the  problem, 
the  positions,  volumes,  and  masses  of  all  mesh  points  are  set,  the  y velocity 
of  points  in  the  projectile  is  set  to  -V  , and  all  other  quantities  are  set  to 
zero.  Until  the  contact  point  reaches  a certain  mesh  j1  the  faces  of  the 
projectile  and  wedge  for  j > j ' are  free  surfaces,  so  the  mass  of  the  inter- 
mediate mesh  is  zero,  and  no  calculations  are  carried  out  for  k=MIMP,  j > j ' , 
thus  leaving  the  values  of  all  quantities  zero,  and  causing  the  faces  to  be- 
have as  free  surfaces.  When  the  contact  point  reaches  mesh  j',  the  mass  of 
the  mesh  is  set  using  its  volume  at  that  time,  and  calculations  are  carried 
out  in  mesh  j'  for  that  and  all  succeeding  time  steps.  Strain  is  produced 
in  the  intermediate  mesh  as  projectile  and  wedge  come  together,  causing 
signals  to  propagate  into  the  projectile  and  target.  The  material  properties 
for  the  intermediate  mesh  are  determined  by  the  material  region  in  which  that 
k line  is  included.  Its  material  properties  are  normally  the  same  as  those 
of  the  impactor. 

The  calculation  need  not  proceed  through  the  entire  mesh  at  every  time, 
since  for  early  times  signals  will  have  not  been  able  to  propagate  into  all 
parts  of  the  material  and  thus  no  activity  will  occur  in  those  meshes  not  yet 
reached.  For  the  first  time  step,  the  full  calculation  goes  only  from  meshes 


j=2  to  j=5  (unless  the  wedge  angle  is  zero,  in  which  case  it  goes  through  the 


entire  j mesh),  and  from  k=MIMP-3  to  k=MIMP+3.  However,  the  positions  of  all 


points  of  the  moving  projectile  must  be  calculated  at  all  time  steps.  Bounda- 


ries of  the  area  of  full  calculation  are  expanded  if  the  pressures  at  the 


present  boundaries  exceed  a minimum  value. 


Stability  of  the  finite  difference  method  requires  that  At  be  such 


that  ax/ At>C  where  ax  is  the  characteristic  size  of  the  mesh,  and  C is  sound 


speed  in  the  material.  Since  signals  can  propagate  only  one  mesh  per  time 


step,  the  above  criterion  guarantees  that  the  numerical  propagation  of  signals 


through  the  mesh  will  be  able  to  keep  pace  with  the  physical  signals.  A strict 


stability  analysis  of  the  difference  equations  is  much  more  complicated  and 


has  not  been  done  for  the  equations  in  this  program.  The  time  step  used  is 


the  same  as  that  used  in  TOODY.  The  quantity 


DTM  = Dm/(B2Cl  + B^Dm  | V/V  | + /B2C~  + B^V/V)2  + C2) 


(5.109) 


is  calculated  for  each  mesh,  where  B-j  and  B^  are  the  same  constants  used  in 


the  artificial  viscosity,  and  DM  is  the  smallest  distance  between  mesh  points 


defining  the  mesh.  The  minimum  DTM  over  all  meshes  is  found,  and  the  new  time 


tn+1  = tn  + Min  {DTM,  1.1  (tn  - t"'1)} 


(5.110) 


Input  data  required  to  define  the  problem  include  the  number  M of  j 


lines,  number  M of  k lines,  value  of  the  wedge  impact  surface  line  MIMP, 


length  of  the  wedge,  height  of  either  side  of  the  wedge,  projectile  velocity. 


artificial  viscosity  coefficients  B-|  and  , and  material  properties  for  the 


regions  defined.  Material  properties  required  are  density,  Poisson's  ratio. 


yield  strength  in  simple  tension,  coefficients  Cq  and  s in  the  US~U  Hugoniot 
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relation 


U$  = C0  + sUp,  (5.111) 

and  the  Gruneisen  parameter. 

The  program  prints  out  the  definition  of  the  problem  and  values  of  the 
12  variables  stored  in  arrays  for  each  mesh  point  at  whatever  cycle  interval 
the  user  specifies.  After  the  last  time  step,  all  arrays  plus  other  informa- 
tion needed  to  define  the  problem  are  written  on  tape.  This  information  can 
thus  be  recovered  at  a later  time  to  restart  the  program  at  the  last  time  step 
and  run  it  farther,  eliminating  the  need  for  running  the  first  part  of  the 
problem  again.  This  information  is  also  accessible  to  other  programs  and  can 
be  analyzed  or  processed  to  gain  further  understanding  of  the  problem.  The 
program  also  writes  the  position  and  velocity  of  each  mesh  point  on  the  wedge 
free  surface  on  tape  at  each  time  step.  This  can  be  accessed  by  a program 
which  uses  this  information  to  simulate  the  resistance  wire  records.  Details 
of  the  auxiliary  programs  and  results  of  the  computer  runs  will  be  given  in 
Chapter  8. 


6.  INCLUSION  OF  RATE  EFFECTS 


The  computer  code  presented  in  Chapter  5 has  an  elastic-perfectly 
plastic  equation  of  state.  The  yield  stress  in  simple  tension  used  in  the 
Von  Mises  yield  condition  is  assumed  to  be  constant.  This  treatment  produces 
a cusp  in  the  Hugoniot  of  the  material.  If  the  material  is  shocked  to  a final 


pressure  between  points  A and  B in  Fig.  6.1,  the  single  wave  breaks  up  into 

A..  62  —| £ • i.  •_  _ • I- 1 ■ l _l  _ r-i  I .1 


two  waves.  The  first  is  an  elastic  wave  with  amplitude  P^,  and  the  second 
is  a plastic  wave.  This  elastic-perfectly  plastic  theory  has  been  successful 
in  describing  much  material  behavior.  However,  experimental  observations 


indicate  that  many  materials  can  be  better  described  if  strain-rate  effects 


are  included.  The  behavior  described  by  the  inclusion  of  strain-rate  effects 


in  the  theory  includes  overshoot  and  decay  of  the  elastic  precursor,  and 
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spreading  of  the  plastic  wave.  This  chapter  describes  the  inclusion  of 
strain-rate  effects  in  the  present  code. 

As  in  Eq.  (5.12),  deviator  stress  rate  is  related  to  the  elastic  part 
of  the  deviator  strain  rate 


su  ■ 


(6.1) 


Plasticity  theory  assumes  that  the  total  strain  rate  is  the  sum  of  the  elastic 
and  plastic  strain  rates 


a * = a e + & P 
6ij  *ij  + 6ij 


(6.2) 


where  e^  is  the  elastic  strain  rate  and  ^ P is  the  plastic  strain  rate.^ 
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Equation  (6.1)  becomes 


(6.3) 


where  the  total  deviatoric  strain-rate  tensor  is  given  by  Eq.  (5.13).  Equa- 
tion (6.3)  should  include  the  rigid  body  rotation  terms  given  in  Eqs.  (5.25), 
(5.26),  and  (5.27).  However,  those  terms  are  not  affected  by  the  results  of 
this  section  and  will  be  left  out  for  simplicity  of  presentation.  It  will  be 
understood  that  the  rigid  body  rotation  terms  are  to  be  added  to  the  equations 
presented  here  in  order  to  retain  frame- indifference. 

The  strain  rate-dependent  behavior  of  the  model  is  dictated  by  the 
form  chosen  for  e-?.  In  fact.  If  e.P  is  assumed  to  be  some  general  function 

I J I J 

of  stress  and  strain  and  their  derivatives 


(6.4) 


where  F. . is  termed  the  relaxation  function,  then  Eq.  (6.3)  becomes 

■ J 
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(6.5) 


This  equation  describes  general  stress-relaxing  materials,  including  viscous 
effects^  as  well  as  elastic-plastic  materials.  This  equation  is  the  basis 
for  the  addition  of  rate  effects  to  the  code. 

The  crux  of  the  problem  is  the  relaxation  function  F...  The  problem 

• J 

is  simpler  in  one  dimension  since  only  the  equation  for  the  X component  of 
S..  is  required  and  thus  only  FY  is  needed.  Several  phenomenological  forms 
have  been  used  for  p^  63,64,67,68,69  nowever.}  probably  the  most  physical 
treatment  of  an  elastic  plastic  model  results  when  it  is  related  to  the  results 
of  dislocation  theory. ^ This  has  been  done  for  computer  programs  which 
calculate  motion  in  one  dimension.^  In  that  case  e^  is  related  to  the 
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plastic  shear  strain  rate  y in  the  plane  of  the  maximum  resolved  shear  stress, 
and  y is  given  from  dislocation  theory. 
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The  general  multidimensional  case  is  shown  in  Fig.  6.2.  As  stated 
in  Section  5.1,  the  state  of  the  material  is  represented  by  a point  in  princi- 
pal stress  deviator  space.  The  condition  that  the  trace  of  the  stress  deviator 
be  zero  constrains  the  point  to  lie  on  a plane  passing  through  the  origin. 

This  is  the  plane  of  Fig.  6.2.  The  circle  is  the  intersection  of  the  sphere 
described  by  the  Von  Mises  yield  condition,  Eq.  (5.28),  with  this  plane. 

Points  inside  the  circle  represent  elastic  behavior,  and  those  outside  repre- 
sent plastic.  Suppose  that  during  some  time  step  the  state  of  the  material  as 
given  from  Eq.  (5.25),  (5.26),  and  (5.27)  using  the  total  strain  rate  goes 
from  point  A to  point  B in  Fig.  6.2.  If  the  material  were  elastic-perfectly 
plastic,  the  stress  state  would  be  adjusted  radially  back  to  the  yield  sur- 
face at  point  C.  This  actually  corresponds  to  a stress  relaxing  material 
which  essentially  relaxes  immediately,  so  that  the  state  always  lies  on  the 
yield  surface  and  no  relaxation  can  be  detected.  The  opposite  case  would  be 
that  of  a perfectly  elastic  material  which  could  sustain  unlimited  distortion. 
The  material  which  is  strain  rate  sensitive  lies  between  these  two  extremes. 

In  this  case  the  material  would  relax,  but  not  all  the  way  back  to  the  yield 
surface.  The  relaxed  state  of  the  material  would  be  some  intermediate  point 
D between  points  B and  C.  Thus,  the  material  would  be  seen  to  overshoot  the 
yield  point  toward  the  elastic  stress  B and  then  relax  back.  This  process  can 
be  thought  of  either  as  allowing  the  yield  surface  to  be  strain  rate  dependent, 
so  that  the  material  relaxes  back  to  the  instantaneous  yield  surface  at  D,  or 
as  allowing  the  material  to  relax  only  partially  back  to  the  static  yield 
surface. 
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Stress  relaxation  can  be  described  phenomenologically  by  allowing  the 
distance  relaxed  to  be  proportional  to  the  distance  between  points  B and  C in 
Fig.  6.2  divided  by  some  characteristic  relaxation  time.  Wilkins  * suggests 
that  the  amount  of  relaxation  be  related  to  dislocation  theory.  The  amount  of 


applied  shear  is  given  by  the  octahedral  shear  stress 

_ l-y/c^  . <-2  . <• 

To  ‘ 3 S1  + S2  + S 
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This  is  related  to  the  second  invariant  of  the  stress  deviator  tensor 
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tq  is  relaxed  during  the  time  interval  At  by  yyAt 
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(6.7) 


so  that  the  relaxed  state 


is  given  by 


tq  - yyAt 


(6.8) 


where  y is  the  plastic  shear  strain  rate.  The  assumed  isotropy  of  the  mate- 
rial allows  this  formulation.  In  terms  of  J, 


'2’ 


uyAt 


(6.9) 


where  represents  the  state  of  the  material  as  calculated  elastically  from 
Eqs.  (5.25),  (5.26),  and  (5.27),  and  ^ represents  the  relaxed  state.  Thus 


= 1 


uyAt 


(6.10) 


Thus  each  component  of  the  stress  deviator  tensor  is  multiplied  by  the 
constant  C where 


so  that  the  resulting  value  of  J2 


= \ ^csl^2  + ^cs2)2  + (CS3)2J 


(6.12) 


= (tj2 


(6.13) 


which  is  the  desired  result.  The  state  must  not  be  relaxed  past  the  point  C 
in  Fig.  6.2,  so  the  minimum  value  of  C is 


From  dislocation  theory  66,70 


(6.14) 


Y = bNW 


(6.15) 


where  b is  the  Burgers  vector,  N the  mobile  dislocation  density,  and  W the 


dislocation  velocity.  The  form  for  W is  taken  to  be' 


W = WQ  exp(-  D/xeff) 


(6.16) 


where  D is  a characteristic  drag  stress  and  t ^ is  the  effective  component 


of  shear  stress  above  the  yield  value.  In  terms  of  J, 


Teff  v 3 ' 


V?  V3 


(6.17) 
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where  the  second  tern  on  the  right  hand  side  in  Eq.  (6.17)  is  tq  using  the 


value  of  J 2 at  yield  as  given  by  the  Von  Mises  yield  criterion.  The  form  for 
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N is 


N = j [1  + (fN°  - 1)  exp(-afY/b) 


(6.18) 


where  a and  f are  constants,  and  N°  is  the  initial  dislocation  density.  Thus 


* * bVxp<  /5j 


■V7  VI * 3 


7 [1  + (fN°  - 1)  exp(-afY/b)  ] (6.19) 


This  involves  the  plastic  shear  strain  y,  which  is  found  from 


y - ydt 


(6.20) 


This  formalism  must  be  finite-differenced  to  be  included  in  the  code. 


Equations  (5.25),  (5.26),  and  (5.27)  are  used  to  calculate  as  if  the  mate- 


rial were  totally  elastic.  Each  component  of  the  stress  deviator  tensor  is 


then  multiplied  by  the  constant  C in  Eq.  (6.11)  to  obtain  the  relaxed  state. 


Since  S..  is  evaluated  at  integral  times  and  mesh  centers,  the  equation  for 

' \J 


the  new  deviators  should  be 


I n + 1 _ rn  + 1 <.  | n -h  l 

ij  0,k  Lj,k  ij'j,k 


(6.21) 


However,  not  all  quantities  involved  in  C are  known  at  time  n+1 . In  keeping 
with  the  time  centering  of  the  rest  of  the  program,  time  differentiated 
quantities  are  to  be  defined  at  half-integral  times.  At  is  also  defined  at 
half-integral  times  as  is  y.  Therefore  u,  y,  and  At  are  not  known  at  time 


n+1.  Thus  the  form  to  be  taken  for  C is 


!■  ‘WWWWW'J 


(6.22 


rn  + 1 
Lj,k 


= 1 


n + ij.n  + Jj.n  + l 

"j.k  yj,k  (t 

_ ""“TnT'l 


tn) 


V* 


3 J2 


j.k 


This  is  not  correctly  centered.  The  centered  time  differencing  method  of 
Chapter  5 gives 


n + 1 n 
Y’-  * 'Yj,k 


+ 'i  = LLi 

j,k  +n  + 1 ^.n 


(6.23) 


- t 


or 


n + 1 n 


j,k 


= Y: 


j.k 


* It"  + ' - tn)  55 


(6.24) 


From  the  definition  of 


r 

• n ^ . 1 1 1 

Tj,k  -,bWo 


exp(- 


V 


2J, 


-)}[!  + (fN°  - l)exp(-afY/b)]J>  ^ + **  (6.25) 


f-  -V7  Y0/3 


Thus  the  equation  for  y1?*?  also  requires  y'.,T?  which  is  unknown.  However, 

J » K J » K 


n+4 


n + U _ 1 / n + 1 

o w • 


Yj.k  " " 2 IYj,k  tYj,k> 


(6.26) 


Combining  Eqs.  (6.24)  and  (5.26)  yields 


n + n . 1 ,.n  + 1 .n,  .n  + u 

* > ~ Yj,k  + 2 (t  ” 1 ) ^ 


j fk 


j.k 


(6.27) 


Equation  (6.27)  is  used  for  Yl?+/;  in  Eq.  (6.25)  to  obtain  an  equation  in  which 

J 5 K 


the  only  unknown  is  y^+?.  This  may  be  solved  by  iteration.  Then  Y,.,T^  is 

J » K J jK 


,.n+J5 


,n+l 


known,  and  therefore  C.  , from  Eq.  (6.22).  Therefore  the  relaxed  stress  may 

J , K 

n+1 


be  calculated.  Equation  (6.24)  is  used  to  find  Y.  . . This  quantity  must  be 
stored  for  each  mesh  point  in  order  to  be  used  in  the  calculation  at  that  mesh 
point  during  the  next  time  step. 
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7.  INCLUSION  OF  PHASE  TRANSITIONS 


This  chapter  describes  the  alterations  to  the  main  program  of  Chapter 


5 that  are  necessary  in  order  to  include  the  calculation  of  phase  transitions. 


Although  the  basic  program  includes  material  strength,  the  relations  presented 


here  will  be  based  upon  hydrostatic  thermodynamics,  so  that  the  thermodynamic 


state  of  the  material  depends  only  on  the  mean  pressure  and  not  upon  the 


deviator  components  of  the  stress  tensor.  Although  it  is  possible  that  shear 


stresses  may  affect  transition  points  and  rates,  the  basic  state  of  under- 


standing involving  these  phenomena  is  not  advanced  enough  to  warrant  the 


added  complications  of  non-hydrostatic  thermodynamics.  Thus,  the  procedures 


presented  here  will  replace  only  Eqs.  (5.54)  and  (5.41)  which  calculate  the 


energy  and  mean  pressure.  The  sound  speed  calculation  will  also  be  different, 


since  Eq.  (5.43)  is  based  on  the  particular  form  of  equation  of  state  assumed 


in  Chapter  5. 


7.1  Calculation  in  a Mixed  Phase 


In  order  to  advance  the  calculation  to  the  next  time  step,  the  equa- 


tion of  state  routine  must  provide  the  mem  pressure  for  use  in  the  equations 


of  motion,  given  the  total  specific  volume  and  the  equation  for  conservation 


of  energy.  This  is  fairly  straightforward  for  a single  phase,  and  given  the 


equation  of  state  of  Chapter  5 requires  only  Eqs.  (5.54)  and  (5.41).  The 


following  describes  the  general  procedure  to  be  followed  for  a mixed  phase. 


The  physical  assumptions  of  the  mixed  phase  theory  for  solid-solid 
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transitions  have  been  given  previously.  ’ Basically  they  are  that  pres- 


sure and  temperature  are  common  to  both  phases,  and  that  no  surface  energy 


AW? 


is  associated  with  the  interface  between  the  phases.  Under  these  assumptions, 
the  total  specific  volume  may  be  written 


V(P,T)  = (1  - X)  V1 (P,T)  + XV2(P,T) 


(7.1) 


where  V-j  and  V2  are  specific  volumes  of  the  first  and  second  phases  respec- 
tively. V is  total  specific  volume  of  the  mixture  and  X is  mass  fraction  of 


the  second  phase.  Although  X has  been  previously  used  to  denote  position,  in 


the  remainder  of  this  chapter  it  will  denote  the  mass  fraction  of  the  second 


phase.  Equation  (7.1)  follows  directly  from  the  assumption  that  the  total 


volume  of  the  mixture  is  equal  to  the  sum  of  the  total  volumes  of  each  phase. 


using  the  definition  of  specific  volume  as  volume  per  unit  mass  and  X as  the 


mass  of  the  second  phase  divided  by  the  combined  mass  of  both  phases.  Simi- 


larly, the  absence  of  any  surface  energy  implies  that  the  total  internal  energy 


of  the  mixture  is  equal  to  the  sum  of  the  total  internal  energies  of  each  phase. 


Therefore, 


E(P,T)  = (1  - X)  E-j  (P,T)  + XE2(P,T) 


(7.2) 


where  E is  the  specific  internal  energy,  or  internal  energy  per  unit  mass. 


of  the  total  mixture,  and  E-j  and  E2  are  the  specific  internal  energies  of 
each  phase.  From  Eqs.  (7.1)  and  (7.2) 


dV  = (1  - X ) d V-j  + XdV2  + (V2  - V-|  )dX 


(7.3) 


dE  = (1  - X )dE  1 + XdE2  + (E2  - E^dX 


(7.4) 


Expanding  dV^  and  dE^  in  terms  of  P and  T, 


3V.  3V • 

dvi  ■ aT  lTdp  * aT1  !p  dT 


(7.5) 
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RUN 


(7.6) 


3E  3E. 

dEi  = apiIydP  + FTlp  dT 


From  the  definitions  of  the  coefficient  of  thermal  expansion, 

°1  ' V.  3T  ip 


(7.7) 


r \ 


the  isothermal  compressibility, 

-1  3Vi, 

0i  ' Vi  3P  'T 

and  the  specific  heat  per  unit  mass  at  constant  pressure. 


(7.8) 


= T 


35. 


Pi  1 3T 


(7.9) 


A-  L 

where  S.  is  the  specific  entropy  of  the  i n phase,  Eqs.  (7.5)  and  (7.6) 
become^ 

dVi  = a.V^dT  - B.VjdP 


(7.10) 


dEi  = (CPi  " aiViP^dT  + (BiViP  ‘ oc^^TidP 


(7.11) 


If  Eqs.  (7.10)  and  (7.11)  are  used  in  Eqs.  (7.3)  and  (7.4),  and  conservation 
of  energy  is  used  to  replace  dE  and  there  is  no  heat  exchange  between  mass 
elements,  the  result  after  collecting  terms  in  dT  and  dP  is 


a-|dT  + a£dP  + 8^  = 0 


(7.12) 


a^dT  + a^dP  + a^  = 0 


(7.13) 
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where  and  now  become 


a3  = (V2  - V,)X  - V 
a6  = PV  + (E2  - E-j ) X 


(7.25) 


(7.26) 


Using  centered  time  differencing,  Eqs.  (7.23)  and  (7.24)  become 


Tj,k  = Tj,k  + ^ 1 * ^a6a2  ' a3a5)/D^j,k 

P3!k  = Pj  ,k  + <tn+1  - *">  t(a4a3  - a1a6)/D]J^ 


(7.27) 


(7.28) 


The  quantities  in  brackets  on  the  right  hand  side  of  Eqs.  (7.27)  and  (7.28) 
depend  on  the  values  of  Pn+?2  and  Tn+is  . Taking 


?nHi  = ~ (Pn+1  + Pn) 
Tn+is  = 1 (Tn+1  + Tn) 


(7.29) 


(7.30) 


Eqs.  (7.27)  and  (7.28)  become  implicit  equations  for  Pn+1  and  Tn+^  which  may 
be  solved  iteratively. 

This  procedure  is  completely  general  in  that  it  involves  no  dependence 
on  equations  of  state  or  transformation  mechanisms.  Since  there  are  no  approxi- 
mations made  about  the  materials  involved,  its  implementation  requires  a large 
amount  of  thermodynamic  information  about  both  phases  of  the  material  being 
considered.  The  volume  and  its  time  derivative  are  calculated  in  a previous 
section  of  the  program,  and  c^(P,T)  and  3^(P,T)  can  be  calculated  if  V.(P,T) 
are  known,  so  that  the  information  required  is  V^(P,T),  C ^ (P , T) , E^(P,T),  X, 
and  X.  The  curves  of  volume,  internal  energy,  and  specific  heat  for  both 
phases  must  be  extended  into  the  metastable  regions  throughout  the  entire  P-T 
plane  so  that  rate-dependent  transformations  may  be  allowed.  The  functional 


» 


forms  of  X ar.d  X may  be  chosen  to  represent  the  transformation  mechanism 


desired. 


It  is  possible  to  construct  the  thermodynamic  potential  for  a system 


by  specifying  less  information  than  is  required  above,70  so  if  all  of  the 


above  quantities  are  specified  independently  it  is  possible  that  the  descrip- 


tion will  be  thermodynamically  inconsistent.  Moreover,  sufficient  experimental 


data  usually  do  not  exist  for  any  given  material  to  specify  all  of  the  infor- 


mation required.  The  best  approach  in  most  cases  would  therefore  seem  to  be 


to  adopt  an  approximate  model  and  use  it  to  construct  a thermodynamic  potential 


so  that  thermodynamic  consistency  is  observed.  This  will  be  done  for  a speci- 


fic example  in  the  next  section.  This  is  done  merely  to  illustrate  the  problem 


and  not  to  reconmend  the  equation  of  state  derived  there.  The  purpose  of  this 


work  is  to  include  the  capability  for  calculation  of  phase  transitions  into 


the  wavecode,  and  the  choice  of  a specific  equation  of  state  depends  upon  the 


particular  problem  to  be  studied.  It  is  for  this  reason  that  the  procedure 


described  in  this  section  is  kept  as  general  as  possible. 


7.2  Equation  of  State 


Since  the  quantities  required  are  all  assumed  to  be  functions  of  P 


and  T,  it  would  seem  that  the  Gibbs  energy  would  be  the  most  logical  thermo- 


dynamic potential  to  construct.  However,  as  will  be  seen,  the  assumptions 


which  will  be  made  make  construction  of  the  Helmholtz  energy  calculational ly 


simpler. 


The  differential  of  the  specific  Helmholtz  energy,  which  is  the  molar 


Helmholtz  energy  divided  by  the  molecular  weight,  is 


dF  = -SdT  - PdV 


(7.31 


where  S is  specific  entropy,  and  V is  specific  volume.  F(T,V)  can  be  obtained 
by  integrating  dF  from  a reference  point  F(T  » V ) . Figure  7.1  shows  two  pos- 
sible paths  of  integration.  Path  1 goes  at  constant  temperature  from  (T0>v0) 
to  ( Tq , V ) and  at  constant  volume  from  (TQ,V)  to  (T,V).  Along  this  path, 

F (T , V)  - F(T0,Vq)  = - fl  P(T0,V)d V - (j  S(T ,V)dT  (7.32) 

J o J o 

Path  2 goes  at  constant  volume  from  (Tq , Vq ) to  (T , VQ ) and  at  constant  temp- 
erature from  (T , VQ ) to  (T,V).  Along  path  2 

F(T,V)  - F(T0,V0)  = -fl  S(T,V0)dT  - fj  P(T,V)dV  (7.33) 


fflvdT  + lflTdv 


(7.34) 


(7.35) 


(7.36) 


However,  using  the  definition  of  the  Gruneisen  parameter, 


r = v 


oE  \i  3C1 


Eq.  (7.34)  becomes 


V 


C u rCy 
dS  = y-v  dT  + -v-v-  dV 


Cv(T’VJ 

S(r,»0)  - s(T0,v0)  = H -V-r^dT 


(7.37) 


(7.38) 


(7.39) 


I 


and  along  path  1 


S(T,V)  - 


'ft  V ) -fT  C''(T,V°)  JT  , /*  r(T-V1CV(T-V) 

StW  J Tq  dT  +Jv0 V— ~dV 


(7.40) 


Along  path  1 the  information  required  is  P(T0,V),  Cy(T,V),  and  r(T,V) 


Along  path  2 the  information  required  is  P(T,V)  and  CV(T, VQ) . Path  1 will  be 


chosen,  and  the  approximations  which  will  be  made  are 


Cy(T,V)  = constant 


(7.41) 


r(T,v)  _ r(W 

v " v 


(7.42) 


These  are  common  approximations .^>79,80  const;ant  r model  is  particularly 


good  for  solids  above  their  Debye  temperature/  With  these  approximations 
the  only  information  required  to  specify  the  Helmholtz  energy  is  the  isother- 


mal compression  curve  P(TQ,V).  Denoting  r(T 0,VQ)  by  rQ  and  using  similar 


notation  for  the  values  of  other  quantities  in  the  reference  state,  Eq.  (7.40) 


becomes 


S * so  + CV  tn  r * Vocv(u  - V 


(7.43) 


and  thus  the  Helmholtz  potential  is  given  by 


F(T.V)  - Fq  -ft  P(T0,V)dV  - S0(T  - TQ)  - - V0)  (T  - 


- Cu  T tn  CV(T  - TJ 


(7.44) 


A Murnaghan  type  of  equation  will  be  assumed  for  P ( T , V ) 


p(i„.»)  * ~ t<r)n  - 1] 


(7.45) 
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As  long  as  n is  not  equal  to  1 


A p(Vv)<iV  = !r  (r>"  - v - ArJ 


Then 


F<T-V>  - Fo  - r tf-Tir  <r>n  - » - - s0(t  - y 


VoVv  - V <T  - V - cv T 4 + S(T  - V 

0 

The  pressure  is  given  by 


p<v,f)  - ^ ■ £[{}*>"  - 1]  ♦ p#r#Cy(T  - T0) 


Thus 


p - PornCv^T  - TJ  -1/n 

vtP.T)  - V„  f TT7TT + '] 
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Differentiating  Eq.  (7.49) 


S = 


— (-V-)n 
K W ' 


o o 


and  from  Eqs.  (7.37)  and  (7.42), 


a = poroCV8 


The  specific  heats  are  related  by 


2vt 

C + — - 

6 


From  Eqs.  (7.51)  and  (7.52), 


Cp  = Cv(l  + VT) 


o o 
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Finally,  the  energy  is  given  by 
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E = F + TS 


(7.54) 


so,  from  Eqs.  (7.43)  and  (7,47) 


E ■ Eo  - f Crhf  <f>"  - V - rnr3  * P„r0CwT0(V  - v0)  ♦ CV(T  - T0)  (7.55) 


nV. 


where 


Fft  + T S 

O 0 0 


(7.56) 


Equations  (7.49),  (7.50),  (7.51),  (7.53),  and  (7.55)  provide  V(P,T), 
e(P,T),  a (P,T) , Cp(P,T),  and  E(P,T).  This  provides  the  equation  of  state 
information  for  each  phase  to  be  used  in  Eqs.  (7.20)  and  (7.21).  It  is  still 
necessary  to  determine  the  reference  values  of  the  variables  in  each  phase 
and  to  specify  X and  X. 

Equation  (7.55)  gives  the  energy  of  a single  phase  in  terms  of  P and  T 

and  the  values  of  E and  S in  the  reference  state.  The  reference  state 

o o 

(P0,T0)  will  be  taken  to  be  zero  pressure  and  room  temperature.  Then  for  each 
phase  VQ.  is  the  value  of  at  ( PQ , TQ ) . For  the  first  phase  the  values  of 
E0i  and  S ^ may  be  taken  to  be  zero.  The  values  of  E^  and  are  then 
determined  and  must  be  calculated. 


SQ2  may  be  calculated  by  use  of  the  Clapeyron  equation, 
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dP 
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S2  ' S1 


(7.57) 


The  procedure  is  to  use  Eq.  (7.34)  for  the  first  phase  to  find  the  value  of 
at  the  transition  pressure  at  room  temperature.  Given  the  slope  of  the 
phase  line  at  TQ,  Eq.  (7.49)  and  (7.57)  give  the  value  of  at  the  transition 
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pressure  at  room  temperature.  Equation  (7.43)  may  then  be  used  for  the  second 
phase  to  find  the  value  of  Sq2  at  (Pq ,Tq ) - Thus  the  transition  pressure  and 
slope  of  the  phase  line  must  be  known  to  find  the  reference  values  of  entropy 
in  the  second  phase. 

Once  Sq2  is  known,  Eq2  may  be  found  by  equating  the  values  of  the 
Gibbs  energy  at  the  transition  pressure  and  room  temperature.  The  Gibbs 
energy  is  given  by 


H 


G = F + PV 


(7.58) 


From  Eqs.  (7.47)  and  (7.49) 


Then  setting 
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(7.59) 


Gi(Pt,T0)  “ G2(PT’V 


(7.60) 


where  Pj  is  the  transition  pressure  at  Tc  provides  an  equation  in  which  the 
only  unknown  is  Eq2. 

Once  the  values  of  all  quantities  in  the  reference  state  have  been 

determined,  the  only  variables  left  undetermined  are  X and  X.  These  may  be 

determined  by  physical  considerations  of  the  nucleation  and  growth  of  the 
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second  phase,  but  the  procedure  here  will  be  to  determine  X by  a relaxation 


law  of  the  form 


X - X 


(7.61) 


K\v 


where  X is  the  equilibrium  value  of  the  mass  fraction  of  the  second  phase, 
eq 

and  t is  a characteristic  relaxation  time.  X is  then  given  by 


JxdT 


(7.62) 


The  equilibrium  mass  fraction  is  determined  as  follows.  The  phase 
line  giving  the  values  of  pressure  and  temperature  at  which  the  two  phases 
may  coexist  in  equilibrium  may  be  found  by  equating  the  Gibbs  energies  for 
the  two  phases.  This  gives 


G1(P.T)  = G2(P,T) 


(7.63) 


Since  all  the  constants  in  this  equation  have  been  determined,  it  may  be 

solved  for  P as  a function  of  T.  This  is  the  phase  line  Py(T).  This  implies 

that  when  the  system  is  in  the  mixed  phase  in  equilibrium  the  pressure  is  a 
function  of  temperature  alone.  Thus,  the  three-dimensional  equilibrium  PVT 
surface  consists  of  the  two  surfaces  given  by  Eq.  (7.49)  for  each  phase, 
connected  by  the  surface  described  by  the  equation  P=Py(T)  in  PVT  space.  If 
the  system  is  in  equilibrium,  the  state  point  must  always  be  on  this  surface. 
Figure  7.2  shows  a constant  T section  of  the  equilibrium  PVT  surface.  At 
temperature  T1  the  transition  pressure  is  Py(T').  The  volumes  of  the  two 
phases  at  this  temperature  and  pressure  are  V^ ( P^ (T ' ) ,T' ) and  V^ ( P j (T ' ) ,T ' ) - 
If  the  temperature  is  T'  and  the  total  volume  is  greater  than  V^ (Py(T ' ) ,T‘ ) , 
the  equilibrium  state  point  must  be  on  curve  OA,  so  the  equilibrium  mass  frac- 
tion of  the  second  phase  is  zero.  Similarly,  if  T is  equal  to  T'  and  V is 

less  than  V2 ( Pj^T 1 ) , T ' ) , then  X is  equal  to  1 . If  T is  equal  to  V and  V 

is  between  Vy ( Pj (T 1 ) ,T 1 ) and  V 2 ( P t ( T ' ) ,T ' ) , the  state  point  is  on  curve  AB, 
the  system  is  in  the  mixed  phase,  and  the  mass  fraction  is  given  by  Eq.  (7.1). 
Therefore,  given  the  phase  line  Py(T),  the  total  specific  volume  V,  and  the 
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Phose  I 
V.(P,T') 


V2(Pt(T'),T')  V^P-rd'J.T') 


Constant  T section  of  equilibrium  PVT 
surface  for  a material  undergoing  a 
phase  transition 


C Phase  2 
KV2( P,T')  i 


T=T 


x^r-  Metastable  Phase  I 
\ 

\ 


Metastable  Phase  2 


temperature  T, 


Xeq(V,T)  = 0 


V > V,(Pt(T),T) 


v - v,(pT{T),T) 

xeq(v>T)  ■ S-,-(p-TrrT,TT  WT>-T>  < v < WT)-T>  <7-64' 


Xeq(V,T)  - 1 


V < V2(Pt(T),T) 


In  practice  Eq.  (7.64)  is  insoluble  analytically  for  P as  a function 
of  T.  The  method  for  determining  X is  to  solve  Eq.  (7.64)  numerically  by 
Halley's  method^  to  find  pairs  of  P and  T which  lie  on  the  Py(T)  curve. 
Equation  (7.49)  is  then  used  to  find  the  specific  volumes  of  the  first  and 
second  phases  at  each  P-T  point.  Quadratic  least  squares  fits  are  made  to 
these  data,  so  that  the  curves  (Pj(T) ,T)  and  V2(Py(T)  ,T)  are  given  by 

r2 


V-j  ( P*j- ( T ) »T)  = aQ  + a -j  T + 
V2(PT(T)  ,T)  = bo  + b-jT  + b2T2 


(7.65) 

(7.66) 


where  the  coefficients  are  determined  by  the  least-squares  fits. 

With  X determined,  X and  X are  determined  by  Eqs.  (7.61)  and  (7.62) 
These  two  equations  must  be  differenced.  In  keeping  with  the  time  differenc- 
ing of  the  rest  of  the  code,  X is  defined  at  half-integral  times,  and  X is 
defined  at  integral  times.  From  Eq.  (7.61), 


xn+!5  „n+% 

:n*-  eqi,k"  j’k 
xj,k  - 


(7.67) 


X and  X are  related  by 


yn+l  ¥n  / . n+1 

Xj,k  “ *j,k  lt 


tn)  X$ 


(7.68) 
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Defining 


/ yH  + 1 yfl  \ 

j »k  " 2 lXj,k  + Xj,kj 


(7.69 


and  using  Eq.  (7.68) 


Yn+is  yn  1 ,.n+l  n,  Yn+Jj 
j ,k  “ Xj,k  2 1 J Xj ,k 


(7.70 


Using  this  in  Eq.  (7.67)  and  solving  for  Xl?+?, 

J f K 


Ch  " x"  . 
in+Js  - qj»k  J,k 
J*k  ' x + |(tn+1-t") 


(7.71 


X"+1  is  then  found  from  Eq.  (7.68)  and  is  stored  for  each  mesh  point.  The 

J , K 

values  of  X and  X are  required  at  half-integral  times  in  Eqs.  (7.27)  and 

n<f>L 

(7.28)  so  Eq.  (7.69)  is  used  for  X.  ?.  This  completes  the  determination  of 

J 9 K 

all  quantities  required  in  Eqs.  (7.27)  and  (7.28)  to  calculate  the  pressure 
at  time  tn+^ . 


7.3  Sound  Speed 

The  sound  speed  given  by  Eq.  (5.43)  depends  on  the  specific  form  of 
the  equation  of  state  assumed  in  Eq.  (5.36).  In  general,  the  bulk  sound 
speed  is  given  by 


C2  = -V2  ^-P| 
v 3V1 


(7.72 


In  terms  of  quantities  defined  in  Section  7.2,  this  becomes 

r2  - r&  «2t-i-i 

D ~ LV  " CpJ 


(7.73 


This  is  easily  evaluated  if  the  material  is  not  in  the  mixed  phase,  since  in 
that  case  all  quantities  on  the  right  hand  side  of  Eq.  (7.73)  refer  only  to 


a single  phase.  Thus,  a,  0,  V,  and  CD  are  equal  to  <*• , a.,  V.,  and  CD. 
respectively  for  i equal  to  either  1 or  2,  However,  if  the  material  is  in 
the  mixed  phase,  a,  0,  and  Cp  are  not  so  clearly  defined.  For  instance, 
defining 


- 1 (*±\ 
0 " V (3T\ 


(7.74) 


and  using  Eq.  (7.1)  for  V results  in  a partial  derivative  of  X in  the  expres- 
sion. This  poses  problems,  since  X would  have  to  be  determined  from  Eqs. 

(7.61)  and  (7.62).  The  procedure  to  be  followed  here  will  be  to  evaluate  the 
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sound  speed  for  the  frozen  mixture.  This  is  clearly  not  correct,  but  should 
not  be  too  bad  an  approximation  for  long  relaxation  times.  In  any  event,  the 
sound  speed  is  required  only  in  the  expression  for  the  artificial  viscosity, 
Eq.  (5.49),  and  in  the  time  step  criterion,  Eq.  (5.109).  Therefore,  it  should 
not  affect  the  form  of  the  solution. 

If  X is  taken  as  constant,  Eqs.  (7.1)  and  (7.73)  yield 


i 3V,  3V? 

a = y [(1  - X)  gj— |p  + x^f|p] 


(7.75) 


From  Eq.  (7.7) 


a = y [(1  - X)ajV.j  + Xo^^] 


(7.76) 


Similarly 


B = yCO 


- x)e1v1  + X02v2] 


(7.77) 


CD  = (1  - X)CD1  + XCc 


(7.78) 


Equations  (7.76),  (7.77),  and  (7.78)  allow  the  sound  speed  to  be  dete^- 


m 


SSb i 


mined  from  Eq.  (7,73).  These  equations  also  hold  for  the  case  in  which  the 
material  is  in  a pure  phase. 


7.4  Applications 

The  calculational  procedure  for  the  mixed  phase  described  in  this 
chapter  has  been  used  for  iron  and  KC1  to  compare  to  the  experiments  described 
in  Chapter  4.  The  values  of  the  equation  of  state  constants  described  in  Sec- 
tion 7.2  are  given  in  Table  7.1.  Results  are  given  in  Chapter  8. 

The  wavecode  described  in  this  work  is  capable  of  handling  elastic- 
plastic  stress  relaxing  materials  which  undergo  phase  transitions.  Of  course, 
it  is  not  necessary  to  include  all  these  forms  of  behavior  in  any  given  cal- 
culation. Appropriate  choice  of  the  equation  of  state  constants  allows  what- 
ever material  description  is  desired.  For  instance,  the  hydrodynamic  case 
may  be  chosen  by  setting  the  yield  strength  to  zero.  The  phase  boundary  is 
controlled  by  the  choice  of  the  constants  in  Eqs.  (7.65)  and  (7.66),  and  if 
desired  these  may  be  chosen  so  that  the  material  does  not  undergo  a phase 
transition.  The  stress  relaxation  constants  in  Eq.  (6.19)  may  be  chosen  to 
give  elastic-perfectly  plastic  or  totally  elastic  behavior.  Thus,  it  is  pos- 
sible to  choose  whatever  combination  of  material  properties  is  desired. 

One  interesting  problem  is  a phase  transition  occurring  in  a material 
with  strength.  The  thermodynamics  describing  the  phase  transitions  are  purely 
hydrodynamic,  so  it  is  not  possible  to  consider  directly  the  effects  of  stress 
deviators  on  the  phase  transition.  However,  it  is  possible  to  use  the  code  to 
study  the  effects  of  a phase  transition  on  the  elastic  properties  of  the  mate- 
rial. The  elastic  properties  such  as  the  yield  strength  and  Poisson's  ratio 
are  included  in  subroutines  so  that  any  functional  form  may  be  chosen  for 
them  without  alteration  of  the  main  code.  This  allows  the  effects  of  a given 
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theory  governing  the  elastic  properties  of  the  material  during  a phase  transi- 


tion to  be  determined.  For  instance,  it  is  possible  to  allow  material  strength 


up  to  the  transition  pressure,  and  assume  that  the  phase  transition  annihilates 


the  stress  deviators.  The  material  could  then  either  remain  hydrostatic,  or 


the  deviatoric  components  could  again  be  allowed  to  build.  Examination  of 


code  runs  based  on  such  theories  would  help  determine  the  validity  of  the 


assumptions  made. 


In  the  study  of  phase  transitions  the  interesting  parameter  to  vary  is 


the  relaxation  time  x used  in  Eq.  (7.61).  It  must  be  noted  that  although  Eq. 


(7.71)  seems  to  be  valid  as  x goes  to  zero,  it  appears  that  the  procedure  des- 


cribed in  Section  7.2  does  not  work  for  the  equilibrium  transition.  The  prob- 


lem is  that  when  X is  equal  to  X and  P is  equal  to  P-j-(T),  Eqs.  (7.64)  and 
(7.1)  become  identical.  Thus,  if  Eq.  (7.64)  is  used  for  X in  Eq.  (7.1)  and 


the  resulting  equation  is  solved  for  V,  it  becomes  indeterminant.  Analyti- 


cally Eqs.  (7.20)  and  (7.21)  are  two  equations  in  the  three  unknowns  P,  T, 


and  X,  and  Eq.  (7.64)  is  redundant.  In  the  numerical  calculation  the  solution 


becomes  oscillatory  as  x becomes  small  compared  to  the  time  step.  This 


oscillation  could  also  be  produced  by  the  fact  that  the  sound  speed  calcula- 


tion in  Section  7.3  is  incorrect  in  the  mixed  phase,  producing  an  artificial 


viscosity  and  time  step  that  allow  oscillations.  However,  it  is  expected 


that  the  correct  calculation  would  give  a smaller  value  of  the  sound  speed 


than  that  given  by  Section  7.3.  This  would  just  decrease  the  artificial 


viscosity  and  increase  the  time  step,  which  is  the  opposite  effect  required 


to  stop  oscillations.  Andrews  also  notes  the  possibility  of  difficulties 


if  the  relaxation  time  is  less  than  the  time  step. 


A correct  calculation  of  the  equilibrium  transition  can  be  made  by 


an  alternate  procedure.  In  this  case  Eq.  (7.20)  is  divided  by  Eq.  (7.21)  to 
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obtain  dP/dT.  This  value  is  given  along  the  phase  line,  since  the  phase  line 

Pt(T)  is  known.  The  resulting  equation  is  then  solved  for  dX,  which  is  used 

in  Eq.  (7.21)  to  solve  for  dP.  This  procedure  has  been  used  to  calculate  the 
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equilibrium  transition  without  difficulty. 
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8.  CALCULATIONAL  RESULTS 


This  chapter  will  present  the  results  of  some  calculations  done  with 


the  wavecode  described  in  Chapters  5,  6,  and  7.  A listing  of  this  program  is 


given  in  Appendix  B.  Two  types  of  calculations  will  be  presented.  The  first 


type  is  one-dimensional.  These  were  done  to  compare  to  analytical  solutions 


so  that  it  could  be  determined  that  the  code  was  working  correctly.  The  sec- 


ond type  of  calculation  utilizes  the  full  two-dimensional  capabilities  of  the 


wavecode.  These  results  can  be  compared  to  the  experimental  results  described 


in  Chapter  4,  thus  checking  the  accuracy  of  both  the  code  and  the  experimental 


technique.  The  plots  presented  in  this  chapter  as  well  as  those  in  Chapter  4 


were  done  on  the  CalComp  663  pen  plotter60  system  auxiliary  to  the  IBM  360/67 


at  Washington  State  University. 


8.1  One-Dimensional  Calculations 


The  one-dimensional  calculations  are  done  using  the  general  wavecode 


of  Appendix  B without  Eqs.  (5.75)  and  (5.79)  which  compute  the  X positions 


and  velocities  of  the  mesh  points.  Thus  there  is  no  motion  in  the  X direction 


and  the  problem  becomes  one  of  one-dimensional  strain  in  the  Y direction.  For 


the  one-dimensional  strain  problem  and  the  equations  of  state  given  in  Chap- 


ters 5 and  7,  it  is  possible  to  do  an  analytical  calculation  of  the  Hugoniots 


of  the  materials.  The  method  of  calculating  the  Hugoniot  is  given  in  Appendix 


C.  The  one-dimensional  wavecode  calculations  are  done  for  the  problem  of  a 


symmetric  impact,  so  that  the  particle  velocity  behind  the  shock  is  one-half 


the  projectile  velocity.  This  allows  the  values  of  pressure,  density,  temp- 


K2S 


SH2 


IL 


m 


erature,  and  so  forth  behind  the  first  shock  as  given  by  the  wavecode  to  be 
compared  to  the  analytical  values  on  the  Hugoniot  to  see  if  the  wavecode  is 


functioning  properly. 


Figure  8.1  shows  a plot  of  pressure  versus  position  for  the  symmetric 


Impact  of  an  iron  flyer  on  an  iron  target.  Both  flyer  and  target  are  .45 


centimeters  thick,  and  there  are  90  meshes  in  each.  The  projectile  velocity 


is  .025  centimeters/microsecond  in  the  negative  Y direction,  and  the  Y coor- 


dinate of  the  rear  surface  of  the  target  is  zero,  so  that  the  original  impact 


occurred  at  .45  centimeters.  Waves  propagate  into  both  the  flyer  and  target. 


In  this  run  the  yield  strength  of  the  iron  is  zero  so  the  problem  is  hydro- 


dynamic. Figure  8.1  shows  the  pressure  profile  as  a function  of  Eulerian  posi- 


tion coordinate  .759  microseconds  after  impact.  The  equation  of  state  con- 


stants for  the  iron  are  those  shown  in  Table  7.1.  The  Hugoniot  calculation 


for  this  problem  yields  a particle  velocity  of  .0125  centimeters/microsecond, 


a pressure  of  47.4  kilobars,  a specific  volume  of  .124  cubic  centimeters/gram. 


and  a temperature  of  314  degrees  Kelvin  behind  the  shock.  The  wavecode  cal- 


culation agrees  excellently  with  these  figures,  with  a deviation  of  less  than 


.5%  in  any  quantity. 


Figure  8.2  shows  the  pressure  profile  for  the  same  problem  except  that 


the  iron  is  now  considered  to  have  a yield  strength  in  simple  tension  of  10 


kilobars.  This  figure  was  chosen  in  order  to  produce  a large  amplitude  elas- 


tic wave  and  not  because  it  represents  the  actual  yield  strength  of  iron. 


Poisson's  ratio  is  takei  to  be  .29.  The  pressure  plotted  in  Fig.  8.2  is  the 


Y component  of  stress  and  not  the  mean  pressure.  The  two-wave  structure 


generated  by  the  inclusion  of  material  strength  is  clearly  visible.  The 


Hugoniot  calculation  for  this  problem  yields  a particle  velocity  of  .0125 


centimeters /microsecond,  a Y stress  component  of  50.9  kilobars,  a specific 
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volume  of  .124  cubic  centimeters/gram,  and  a temperature  of  316  degrees  Kelvin 
behind  the  second  wave.  The  Y stress  component  in  the  elastic  precursor  is 
16.9  kilobars.  The  wavecode  again  shows  excellent  agreement  with  these  values 


Figure  8.3  shows  the  evolution  of  the  wavefront  wi^h  time  when  stress 
relaxation  is  included  in  the  problem.  The  problem  is  again  the  impact  of  an 
iron  flyer  on  an  iron  target.  The  mesh  length  in  the  Y direction  is  now  .0005 
centimeters.  The  yield  strength  is  10  kilobars,  and  the  projectile  velocity 
is  .025  centimeters/microsecond.  The  figure  shows  the  Y component  of  stress 
at  the  wavefront  in  the  target  versus  distance  from  the  original  impact  line 
at  different  times.  The  parameters  behind  the  second  wave  are  essentially  the 
same  as  those  for  the  elastic-perfectly  plastic  case  of  Fig.  8.2,  and  the 
overshoot  and  decay  of  the  elastic  precursor  is  immediately  evident.  The 
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values  for  the  constants  required  in  Eq.  (6.25)  are  those  given  by  Wilkins. 

Figure  8.4  shows  the  time  evolution  of  the  wavefront  in  a material 
undergoing  a phase  transition.  The  situation  is  again  the  impact  of  an  iron 
flyer  on  an  iron  target,  but  the  projectile  velocity  is  .12  centimeters/micro- 
second, so  chat  the  material  undergoes  the  130  kilobar  a-e  phase  transition. 
The  mesh  length  in  the  Y direction  is  .005  centimeters.  The  yield  strength 
is  set  to  zero,  so  that  the  material  is  hydrodynamic.  The  equation  of  state 
constants  for  the  first  and  second  phases  are  those  given  in  Table  7.1.  The 
constant  t in  Eq.  (7.61)  is  .05  microseconds.  The  Hugoniot  calculation  for 
this  problem  gives  a value  of  .06  centimeters/microsecond  for  particle  velo- 
city, .109  cubic  centimeters/gram  for  specific  volume,  210  kilobars  for  the 
Y component  of  stress,  and  392  degrees  Kelvin  for  the  temperature  behind  the 
second  wave.  The  wavecode  gives  excellent  agreement  with  these  values, 
and  the  decay  of  the  first  wave  is  evident. 


8.2  Two-Dimensional  Calculations 

The  two-dimensional  wavecode  listed  in  Appendix  B does  not  produce 
plots  or  simulate  any  resistance  wire  data.  A two-dimensional  calculation 
is  much  more  expensive  and  time-consuming  than  a one-dimensional  calculation. 

A single  wedge  impact  problem  run  to  completion  can  take  more  than  two  hours 
of  machine  time.  For  this  reason  it  is  not  feasible  to  re-run  the  entire 
problem  every  time  a different  plot  or  wire-shorting  history  is  desired. 

The  procedure  followed  is  to  have  the  main  program  write  the  relevant  infor- 
mation on  tape  and  have  auxiliary  programs  access  this  information  to  produce 
the  plots  and  data  simulations.  At  the  end  of  every  run  the  program  writes 
restart  files  on  tape  which  consist  of  all  the  information  necessary  to  ad- 
vance the  calculation  to  the  next  time  step.  Thus  the  restart  files  contain 
the  values  of  all  the  variables  stored  in  arrays  at  each  mesh  point  plus  other 
data  such  as  the  time  and  cycle  number.  These  files  can  also  be  accessed  by 
auxiliary  programs  to  produce  plots  of  such  things  as  the  shape  of  the  mesh 
and  the  pressure  profiles.  Figures  8.5  through  8.8  are  produced  by  an  auxil- 
iary program  which  accesses  the  data  in  the  restart  files. 

Figure  8.5  shows  the  initial  mesh  positions  for  a typical  wedge  impact 
problem.  The  plot  is  produced  by  drawing  lines  through  the  spatial  positions 
of  each  of  the  mesh  points.  Thus  the  vertical  lines  have  constant  Lagrangian 
coordinate  j and  the  horizontal  lines  have  constant  Lagrangian  coordinate  k. 
There  are  110  meshes  in  the  X direction  and  10  meshes  each  in  the  projectile 
and  wedge  in  the  Y direction.  No  lines  are  drawn  in  the  intermediate  mesh 
zone  between  the  projectile  and  wedge.  The  time  is  immediately  prior  to 
impact. 

Figure  8.6  shows  the  mesh  approximately  four  microseconds  after  impact. 
The  problem  is  that  of  an  aluminum  projectile  striking  an  aluminum  wedge.  The 

185 


v; 


iiRiissbiS 


iisafSsssIsusnSI 

bhhh 


'V-iywvn.- 


SM$8W 


i »<v  tfV,  tTm  rC-Vt  Ku'TmJt**  > * • 


v>*-w"'}.n /■/■.•  v:v.v, 


;»k* 

»w; 

*»■!»•! 


»Vif. 


projectile  velocity  is  .088  centimeters/imcrosecond  in  the  negative  Y direc- 
tion. The  projectile  and  wedge  are  both  4.44  centimeters  long.  The  high  end 
of  the  wedge  was  originally  .405  centimeters  high,  and  the  tip  was  .017  centi- 
meters high.  The  wedge  angle  is  approximately  five  degrees.  There  are  110 
meshes  in  the  X direction  and  10  each  in  the  projectile  and  wedge  in  the  Y 
direction.  There  is  no  stress  relaxation  or  phase  transition  in  the  problem 
so  the  equation  of  state  used  is  that  of  Chapter  5.  The  material  is  assumed 
to  have  a yield  strength  of  10  kilobars.  This  value  is  chosen  not  from  physi- 
cal considerations  but  to  demonstrate  the  effects  of  material  strength.  The 
contact  point  between  projectile  and  wedge  has  moved  most  of  the  way  down  the 
wedge  impact  surface.  The  intermediate  meshes  are  not  drawn  in  order  to 
clearly  distinguish  between  the  projectile  and  wedge.  The  effects  of  rarefac- 
tion from  the  initial  impact  point  can  be  clearly  seen  in  Fig.  3.6.  The  mate- 
rial is  moving  to  the  left  and  the  rarefactions  result  in  curvature  of  the  two 
free  surfaces  near  the  initial  impact  side.  This  curvature  of  the  free  sur- 
face results  in  the  discontinuous  jump  seen  in  the  shorting  records,  since  the 
first  point  on  the  wedge  free  surface  to  contact  the  wire  is  not  at  the  left 
end  of  the  wedge. 

Figure  8.7  shows  a velocity  plot  for  the  same  problem  and  time  shown 
in  Fig.  8.6.  This  is  produced  by  drawing  a line  at  each  mesh  point  in  the 
direction  of  the  velocity  vector  of  that  point  whose  length  is  proportional  to 
the  magnitude  of  the  velocity.  The  wave  structure  in  the  material  can  be 
clearly  seen  in  a figure  of  this  type.  At  the  right  end  of  the  projectile 
the  mesh  points  all  have  the  projectile  velocity  in  the  negative  Y direction. 
The  shock  turning  the  flow  can  be  clearly  seen  emanating  from  the  contact  point 
The  region  of  uniform  flow  behind  the  shocks  gets  very  small  near  the  tip  of 
the  wedge  since  the  rarefaction  from  the  wedge  free  surface  is  separated  from 
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the  shock  in  the  projectile  by  only  the  wedge  thickness  at  this  point.  The 
intersection  of  the  shock  in  the  projectile  with  the  projectile  free  surface 
results  in  a rarefaction  which  travels  back  to  the  wedge  free  surface  and  dis- 
turbs the  uniform  region  in  the  wedge  behind  the  rarefaction  from  the  wedge 
free  surface.  The  wires  must  be  placed  close  enough  to  the  wedge  free  surface 
that  they  are  contacted  by  the  wedge  free  surface  before  the  rarefaction  from 
the  projectile  free  surface  reaches  it. 

Figure  8.8  shows  a two-dimensional  projection  of  the  three-dimensional 
surface  formed  by  plotting  the  mean  pressure  as  a function  of  the  Lagrangian 
coordinates  j and  k.  The  problem  is  the  same  as  that  of  Figs.  8.6  and  8.7. 

The  plot  is  produced  using  a three-dimensional  perspective  plotting  routine 
with  a hidden  line  feature  which  is  available  on  the  IBM  360/67  system  at 
Washington  State  University.  The  pressure  is  a function  of  the  Lagrangian 
coordinates  so  that  the  wedge  is  rectangular  rather  than  wedge  shaped.  The 
figure  includes  both  the  projectile  and  wedge  with  the  interface  running 
lengthwise  through  the  center  of  the  figure.  The  projectile  is  in  the  fore- 
ground and  the  wedge  is  behind.  The  high  pressure  region  following  the  shocks 
extends  from  the  wedge  free  surface  to  the  projectile  free  surface.  The  high 
pressure  region  is  thin  in  the  opposite  direction  because  of  the  rarefaction 
from  the  wedge  free  surface.  The  intersection  of  the  rarefactions  from  the 
two  free  surfaces  produces  a negative  pressure  region  in  the  center  of  the 
material.  Although  the  material  is  elastic-plastic,  there  is  no  two  wave 
structure  evident,  'h.s  is  because  in-core  storage  limitations  of  the  com- 
puter restrict  the  number  of  meshes  allowed,  and  the  mesh  spacing  is  larger 
than  the  separation  of  the  two  waves. 

In  order  to  simulate  the  experimental  records,  the  main  program  writes 
the  positions  and  velocities  of  the  mesh  points  on  the  wedge  free  surface  on 
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tape  at  every  time  step.  This  information  is  then  accessed  by  an  auxiliary 


program  which  produces  the  simulated  wire  shorting  histories.  The  wedge  free 


surface  is  originally  at  Y coordinate  zero,  and  moves  in  the  negative  Y direc- 


tion. Given  a wire  offset  D,  the  program  searches  through  the  positions  of 


the  free  surface  mesh  points  at  each  time  step  to  find  the  mesh  point  with 


the  largest  j coordinate  which  has  crossed  the  offset  distance  D during  that 


time  step.  The  velocity  of  that  point  during  the  time  step  and  its  position 


at  the  old  time  step  are  used  to  find  the  exact  time  and  position  at  which  the 


point  crossed  the  wire  offset  distance.  This  time  and  position  are  then  used 


as  a point  in  the  wire  shorting  history.  To  obtain  the  measured  free  surface 


velocity  interpolation  is  used  between  two  shorting  histories  for  different 


wire  offsets  to  find  the  difference  between  the  times  that  the  two  contact 


points  were  at  the  same  wedge  coordinate.  Thus  the  simulated  free  surface 


velocity  records  are  produced  in  the  same  way  that  the  experimental  records 


are  produced. 


Figure  8.9  compares  the  calculated  free  surface  velocity  profile  for 


aluminum  to  that  produced  by  shot  75-081.  The  two  records  agree  exceptionally 
well  even  in  the  curvature  toward  the  thick  end  of  the  wedge.  The  calculation 


is  that  of  an  aluminum  projectile  striking  an  aluminum  wedge.  The  given  pro- 


jectile velocity  was  .083  centimeters/microsecond,  and  the  calculation  ran  to 


4.34  microseconds  after  impact.  The  yield  strength  of  the  aluminum  was  taken 


as  zero  so  that  material  was  hydrodynamic.  The  equation  of  state  used  was 


that  in  Chapter  5.  The  U$-Up  relation  was  U$=. 538+1 .337  Up  and  the  Gruneisen 


parameter  was  2. 


Figure  8.10  shows  the  code  calculation  for  the  measured  free  surface 


velocity  in  iron  compared  to  the  results  of  shot  75-082.  The  agreement  is 


again  exceptional.  The  calculation  included  the  130  kilobar  phase  transition 
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In  iron  using  the  equation  of  state  constants  given  in  Table  7.1,  ar.d  the 
yield  strength  of  the  iron  was  set  to  zero.  The  projectile  was  copper  and 
the  projectile  velocity  was  .068  centimeters/microsecond.  The  calculation 
ran  to  4.22  microseconds.  The  phase  transition  relaxation  time  was  taken 
as  .18  microseconds. 

Figure  8.11  shows  the  code  calculation  of  the  free  surface  velocity 
in  potassium  chloride  compared  to  the  results  of  shot  75-083.  The  two  agree 

/ 

in  the  slope  of  the  line,  but  the  code  calculation  predicts  a velocity  less 
than  that  measured  in  the  shot.  This  may  be  due  to  the  fact  that  the  potassium 
chloride  wedge  was  manufactured  from  a block  made  of  potassium  chloride  pressed 
powder,  and  the  porosity  of  the  wedge  may  have  had  an  effect  on  the  experiment. 
The  code  calculation  included  the  20  ki lobar  phase  transition  and  used  the 
equation  of  state  constants  given  in  Table  7.1,  and  the  yield  strength  of  the 
potassium  chloride  was  set  to  zero.  The  projectile  velocity  was  taken  as 
.056  centimeters/microsecond,  and  the  calculation  ran  to  4.75  microseconds 
after  impact.  The  phase  transition  relaxation  time  was  taken  as  .1  micro- 
seconds. 
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9.  SUMMARY 


The  aim  of  this  work  was  to  develop  a technique  for  performing  and 
Interpreting  shock  wave  experiments  in  two-dimensional  strain  using  a light 
gas  gun.  This  objective  was  accomplished.  The  experimental  technique 
developed  detects  the  motion  of  the  rear  surface  of  a wedge  impacted  by  a 
projectile  by  means  of  resistance  wires  strung  parallel  to  and  offset  from 
the  wedge  rear  surface.  As  the  rear  surface  shorts  the  wire,  the  changing 
resistance  of  the  system  provides  a means  of  recording  the  position  history 
of  the  contact  point  between  the  wedge  free  surface  and  the  wire.  Using 
two  wires  at  different  offsets  allows  the  measurement  of  a free  surface 
velocity.  Experiments  done  using  the  technique  show  that  it  is  reproducible 
and  that  it  is  capable  of  detecting  rate  effects  and  two-wave  structure  in 
the  wire.  ■ 

The  analytical  technique  developed  consists  of  a Lagrangian  finite- 
difference  wavecode  written  specifically  to  handle  wedge  impact  problems. 

The  code  allows  the  treatment  of  material  strength,  stress  relaxation,  and 
phase  transitions.  Comparison  of  code  runs  to  problems  amenable  to  analytic 
solutions  shows  that  it  provides  the  correct  answers  to  those  problems.  The 
code  gives  the  full  time  dependent  solution  of  the  problem  including  all 
interactions  of  waves  with  the  boundaries  of  the  problem  and  thus  allows 
simulation  of  the  experimental  records.  The  excellent  agreement  between  the 
experiments  and  the  code  calculations  shows  the  reliability  and  utility  of 
both. 


I 
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and  analyzing  two-dimensional  strain  experiments  using  a light  gas  gun  should 
prove  useful  in  other  areas.  The  two-dimensional  geometry  may  provide  more 
and  different  kinds  of  information  than  one-dimensional  geometries  and  there- 
fore is  worthy  of  further  study  and  development. 
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APPENDIX  A 


ANALYTIC  SOLUTION  OF  THE  PROBLEM  OF  INTERSECTING  FLOWS 


The  eight  equations  in  the  eight  variables  shown  in  Fig.  2.9  are 

t 

1.  qQ  cos  0 = q1  cos(e  -6)  (A.l) 

I 


2. 

P1  = 0oqo 

sin  0 [qQ  sin  0 - q^  si n (e  - 6)] 

3. 

q„  sin  0 = 
^0 

A + B[qQ  sin  0 - q-j  sin(e  - 6)] 

4. 

qQ'  cos  0' 

* qj  cos(0'  - 6') 

5. 

Pi  ■ °0%' 

sin  0 ' Cq^  sin  0'  - qj  si n ( 0 * - 6')] 

6. 

q0'  stn  «• 

= A'  + B'Lq^  sin  0'  - qj  sin(0'  - 6’)] 

7. 

<5  + <5'  = a 

8. 

pi  ■ pi 

From  Eqs.  (A. 3)  and  (A. 6) 

q sin  0 - A 

qQ  sin  e - q]  sin(0  - 6)  = g 

q'  sin  0*  - A' 

Qq  sin  0'  - qj  sin(0'  - 6')  = -5 g-, 

Using  Eqs.  (A. 9)  and  (A. 10)  in  Eqs.  (A. 2)  and  (A. 6)  and  equating  P^ 
yields  the  following  function  definition. 


(A. 2) 
(A. 3) 
(A. 4) 
(A. 5) 
(A. 6) 
(A. 7) 
(A. 8) 

(A. 9) 
(A. 10) 
and  Pj 
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Solving  Eqs.  (A. 3)  and  (A. 6)  for  6 and  S',  replacing  and  qj  using  Eqs. 

(A. 1 ) and  (A. 4),  and  inserting  the  result  in  Eq.  (A. 7)  yields  a second 
function  definition 

G(e,  e‘>  = e - arctan[ii2-2-  (B  + --  a -1)] 

- a + e*  - arctan[-^|p^-  (B'  + , ^ - - 1)]  (A.12) 

= 0 


Thus  Eqs.  (A.l)  through  (A. 8)  have  been  reduced  to  F(e,  e')=0  and  G(e,  e')=0. 
The  following  program  solves  these  two  equations  by  Newton-Raphson  iteration46 
and  yields  the  values  of  e,  6,  q] , P] , 0',  6',  q] , Pj  in  Fig.  2.9. 
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APPENDIX  B 


PROGRAM  LISTING 

This  appendix  gives  a listing  of  the  two-dimensional  wavecode  des- 
cribed in  Chapters  5,  6,  and  7.  The  entire  program  is  written  as  a subroutine 
to  a calling  routine  which  does  nothing  more  than  create  storage  for  the 
variably  dimensioned  arrays  in  the  rest  of  the  program.  This  allows  the 
storage  allocation  to  be  the  minimum  amount  required  for  each  run,  but  does 
not  require  the  entire  program  to  be  recompiled  each  time  the  number  of 
meshes  is  changed. 

The  subroutine  called  by  the  main  program  is  WDGPT.  This  subroutine 
initializes  the  values  of  the  arrays  and  writes  all  required  information  on 
tape.  It  also  calls  subroutine  RITE  which  prints  all  arrays  at  a cycle 
increment  specified  by  the  user.  Subroutine  WDGPT  also  calls  subroutine 
READIN  which  reads  in  the  equation  of  state  constants  required  for  whatever 
form  of  equation  of  state  is  to  be  used.  Calculation  of  the  variables 
specified  in  Table  5.2  is  done  in  subroutine  CALC.  Values  of  , 6..,  Cpi , 

Vj , E^ , X,  and  X are  passed  to  CALC  from  subroutine  EQSTAT.  This  contains 
the  only  equation  of  state  dependent  calculations  done  in  the  program. 
Communication  between  REAOIN  and  EQSTAT  is  by  means  of  common  blocks,  so 


that  the  main  part  of  the  program  does  not  have  to  be  modified  to  change  the 
equation  of  state.  Subroutine  RELF  calculates  the  constant  C in  Eq.  (6.21) 
and  this  subroutine  also  communicates  with  READIN  by  means  of  common  blocks 
so  that  the  form  of  the  stress  relaxation  is  independent  of  the  main  program. 
SPEED  is  an  alternate  entry  to  EQSTATE  which  provides  , Cp..,  , and 
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for  use  in  the  sound  speed  calculation  of  Eq.  (7.72).  GNUF  is  an  alternate 
entry  to  RELF  which  calculates  the  value  of  Poisson's  ratio. 
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IMPLICIT  R£AL*8  (A-H,  C-Z ) 

DIMENSION  XU  13.241  .Y 1113. 241,  X0<  113,241  ,YO(l  13, 241, 

ISXI  113,24),SVI 113,24)  «SXY(113,24),TMI 113, 24), VI 113,241, 

2T1 113,24)  ,P(  1 13,24  ),C(  113, 24),PXI24),PY( 24) ,0Y(24t, 

30X124) ,XMF 1113, 24), G (113, 241 
CALL  WDGPTt  X,Y,XC,VD,SX,SV,SXY,TM,V,T,P,Q,PX,PY, 

IOX.OY, XMF,G, 113,24) 

STOP 

END 

SUBROUTINE  WDGPTlX,Y,XC,YO,SX,SV,SXV,TM, V ,T ,P ,Q,PX,PV,OX,OV, 

1XMF  ,G,  N J , PK ) 

IMPLICIT  PEAL*8  1A-H.C-Z) 

DIMENSION  XINJ.MK)  ,VINJ,MK)  .XDINJ.MK) , YO 1 N J , MK ) , KL1  5 ) , 

1SX1NJ.MK) ,SY(NJ,MK)  ,$XVINJ,PK) ,TMINJ,MK) ,V(NJ,MK) ,R015), 

2TINJ.HK) ,P(NJ,MK)  ,C1NJ,MK),FX(MK) ,PY(MK) ,CY I MK ) ,C0( 5 ) , 

30XIMK) ,FMT3I8),G(NJ,PK),T13I5) ,T15(5) » 

40X14),  DYl  4),  TUI  5)  , T 1 2 ( 5 ) ,T  1 31  5 1 , T 1 4 ( 5 1 , T 1 5 ( 5 I , T 1 61  5 ) , XMF(  NJ,  MK)  , 
5TI7(5),TI8(5)«TIS15)»T10(5)»T1U51»T12(51»FNTH8)»FMT2!81,S!5) 
COMMON  FMT l , FMT 2, NCCL 

COMMON  /MONST/  AL.ei  . 82 , OT , EX , E V,HL , HR , P J , 00, TL , VD, VO, VP , XEO, TRMU, 
IE  XV, SYO.SXO.TI V,VNP,WXY,RHON,RHGO,SXYC,C82,OT ANAL, OPN,  OPM, 812, 
2PTEST,DTM.MAGN0  ,MAGNL,  JF,KF  ,ks,ksp,mjmp,nmi,mhi 
COMMON  /PR08V/  TEMPO»TC»TKM,J,K,M,N»NTRL 
COMMON  /MPSKAL/RO,CO,$,KL,NA 
COMMON  /TINY/  TN ,MC 
10  FORMAT (213, 5011,4, 213) 

15  F0RMATI313, 2011,4)  , 

20  FORMAT  1 1 X , ' A NUMERICAL  SOLUTION  OF  THE  FLOW  ECUATfONS', 
l*  IN  TWO  DIMENSIONS  FOR  THE*/'  PROBLEM  CF  A WE0GESF7.3, 

2*  CENTIMETERS  LONG  WITH  A LEFT  HEIGHT  CF',F6.3,/ 

3*  CENTIMETERS  AND  RIGHT  HE  I GHT » ,F6. 3, * CENTIMETERS', 

4'  IMPACTED  BY  A PROJECTILE') 

21  FORMAT!'  WITH  A VELOCITY  CF',F6.3,'  CM/MICROSEC. • , 

1*  the  MESH  SIZE  IS', 14,'  BY', 13,'.  THE'/'  TIME  LIMIT  IS', 

2F6.2 , ' MICROSECONDS,  ANO  THE  CYCLE  LIMIT  IS’, 14,'  CYCLES.*) 

25  FORMAT!*  THE  FIRST  TIPE  STEP  IS',F6.3,»  MICROSECONDS.', 

I*  THE  ARTIFICIAL  VISCOSITY'/'  COEFFICIENTS  ARESF6.3, 

2'  AND' ,F6.3,’«  PRINTCLT  IS  EVERY', 14,'  CYCLES.  TEST'/ 

3'  PRESSURE  FOR  ADVANCING  CALC  IS', 09. 2,'  ME.  IMPACT  IS  AT  K»',13, 
4'.  FLYER'/'  THICKNESS  IS',F6.3,'  CM.  INITIAL  TEMPERATURE*. 

1*  IS'.FS.O,'  DEGREES') 

35  FORMAT I BAB ) 

36  FORMAT! 3A8.4A4) 

70  FORMAT!/'  THIS  PROGRAM  IS  A RESTART.  THE  LAST', 


45. 

1*  CYCLE  WAS 

',14,'.  THE 

STARTING  TIME  IS', 

F6.3 

46. 

2*  MICROSECONDS'/) 

47. 

OATA 

Til/' 

','  X P' 

,'CSIT', 'ION  ',' 

•/ 

48. 

DATA 

TI 2/  • 

','  Y P' 

.'OSIT'.'ION  ',' 

•/ 

49. 

OATA 

TI3/' 

'.'CELL' 

,'  VOL'.'UME 

•/ 

50. 

DATA 

T 1 4/  • 

','  X V' 

.'ELOC'.'ITY  ',' 

'/ 

51. 

OATA 

TI  5/' 

','  Y V' 

, ' E IOC ' , ' I TV  ',' 

•/ 

52. 

OATA 

T 16/ ' 

•,'CELL* 

,'  MASS'S  •»• 

•/ 

S3. 

DATA 

T 17  / • 

X S'.'TRES* 

,’S  DE’ , • VI AT • , • OR 

•/ 

54. 

CATA 

TIB/' 

Y S'.'TRES' 

,'S  D t ' « • VI AT • , • OR 

•/ 

55. 

DATA 

TI9/  • 

XY  ','STRE' 

,'SS  CS 'EVIAS'TOR 

•/ 

56. 

DATA 

T 10/' 

• ,'TEHF' 

,'ERAT', 'URE  ',* 

*/ 

57. 

DATA 

Til/' 

','  PH' 

,'ESSU', 'RE  '.' 

•/ 

58. 

OATA 

T 12/  • 

','  VI* 

,'SCOS','ITY  ',' 

•/ 

59. 

OATA 

T 13/ ' 

M'.'ASS  ' 

.'FRACS'TICN',' 

•/ 

COPY  WMUai  WJ^Mi 
PERMIT  FULLY  NuUou  U * 


•/ 


fig 


DATA  TI5/»  P*,‘LAST*,' 1C  S*  » • THAI • » *N  •/ 

READI5.10IN,P.TL,VP.TPAX,FT£,TEMP0 

REA0I5»101NCM«NCP»HL»HP»PTEST*FT 

READ (5, IS  IIP STRT,NCCl,> IMF, El,  82 

RE«0t5,35l{FMTllII,I-l,8) 

REAOI5»35l(FPT2( I I ,1*1,8) 

PEAOI5,35)|FMT3m,l-l,8) 

MRITEI6,2C)TL,HL,HR 

NRITE16,21>VP,N,P,TMAX,NCM 

WRITEIfe,25IFTS,Bl,B2.NCP,PTEST,NINP,FT,TEMPO 

CAU.  REACIN 

812-81**2 

DPN-N 

DPM-N 

NH1-N-1 

NMi«H-l  i 

DTANAL-IHL— HRI/TL 
AL-OATANI OTANAL I 
MARK-l 

1FIDTANAL  .CT.  1.0-5IGC  TC  1100 
MARK-0 

OTANAL- VP*FTS*I0PN-3.C0I / (3. C0*TL*0PN1 
HOO  IFCIRSTRT  .EO.  II  GC  TC  1600 
00  1110  1-1. NR 

IFIKLII)  .GT.  M1MPI  GC  TO  1120 
1110  CONTINUE 
1120  NRP-I 

00  1130  l-ltNR 

IFIKLII)  .GT.  MIMP*1>  GO  TO  1135 
1130  CONTINUE 
1135  NRT-I 

A-ROINPT)*SINRT)-RCtNPP>*SIARP) 

B«ROINRT>*C0INPT>,RCINFPI*ICC(NRP>»2.0O*S(NRP|*VP| 
C-VP*PCINFP)*ICC(NBP)+YP*$IAPP)I 
IF  I A .EO.  O.COIGO  TO  1140 
TIV«l-B*DSQBTIB**2-4.COA*C >)/2.00*A 
GO  TO  1150 
1140  TIV-C/B 
1150  OC  1500  J«1»N 
NTRL-1 
0PJ-J 

CO  1200  K— 1 »N 
OPK-K 

XI J,K) -FXIOFN, OPM,  OP J,CPK,Tl,AL, HI, HR, T IV, VP, J,K,N,M, MI  HP,  FT,  MARK) 
Yl  J,K)*FY(DFN,CBM,CPJ,CPK,TL,AL,HL,HS,TIV,VP,4,K,N,H, MIMP, FT , MARK  I 
XDI J,K|«FXO(CFN,CPM,CPJ,OPK,TL,AL,HL,HR,TIV,VP, J,K,N, 
lM.MIMP.FT.MARKI 

YOI j»ki-fvoidfn»opm.cfj,qfk,tl»al, hl, hr ,tiv,vp,j,k,n, 

IN, MIMP, FT, MARK! 

1200  CONTINUE 

VI J, 11-0.00 
00  1400  K— 1 ,P 

IFlK-1  .EO.  KLINTRLMMRL-NTRL*! 

Tl  J,K|«TE>*P0 
X**F|  J,K  I - 3.00 
Gl J.Kt-O.DO 
SXIJ ,K 1-0.00 
S Yl J , K 1-0.00 
SXYI J»K) -0.00 
PI J,KI-0.00 


ft 


COPY  MMU"' 

permit  mat 


p to  DOES  HOT 

LESLIE  PROflOCTlOH 


120. 
121. 
1 22. 

123. 

124. 

125. 

126. 

127. 

128. 

129. 

130. 

131. 

132. 

133. 

134. 

135. 

136. 

137. 

138. 

139. 

140. 

141. 

142. 

143. 

144. 

145. 

146. 

147. 

148. 

149. 

150. 

151. 

152. 

153. 

154. 

155. 

156. 

157. 

158. 

159. 

160. 
161. 
162. 

163. 

164. 

165. 

166. 


01 J,K1«0.C0 

IFIJ  . EQ.  1 .OR.  K .EC.  1)  GO  TO  1360 

V(  J.Kl =< 1X<  J-l  ,K  I - X | J.K-lll  » * V < J,K  l-Y(  J-l.K-l  !!♦!  X(  J,K» 

i-MJ-i.K-m  *iyi  j,K-ii-u  j-i,kiii/2.oo 

IFIJ  .EO.  2 .CR.  K .EC.  2 .CR.  J .EC.  N .OR. 

IK  .EO.  H .OR.  K .EC.  MIMPI  GC  TO  1350 
1300  TM! J,K|«V! J,K»*RC1NTPL» 

GO  TO  1400 

1350  l F I K .EC.  «!MP  .AND.  J .NE.  2 .AND.  J .NE.  N 
l.AND.  PARK  .EQ.  0)  GC  TO  1300 
1360  TMIJ,K1=0.D0 
1400  CONTINUE 
1500  CONTINUE 
WC«0 

KS=MAX012,MI«P-3I 

KF  = HIN0IM-1  ,M1MP*3I 

JF»MINOI N-l » 51 

IF(mark  .EO.  OIJF»N-l 

TO-O.DO 

TNM-O.DO 

TN»FTS 

MAGfotl-2 

I F (MAR  K .EO.  0>MAGNU*K»1 
GO  TO  2000 

1600  REAO( 10.FMT3II C XI J,K|  ,J*t  ,N ) ,K«1,MI 
READ!  10.FMT3I!  1 Y(  J.Kl  , j = l 
READ!  10.FMT3M  ( XD ( J , K ) , J*  1 , M , K *1 , M I 
READI10.FMT3I1IYDI  J,K»  ,J»1.M  ,K*l,M| 

READ! 10.FNT3I  (I SXI  J, K 1 ,J=1,M .K-l.MI 
READ!  10,FHT3HCSY(  J.Kl  .J*l.M.K*l,  Ml 
READ! 10.FMT3II C SXYI J.K  I , J*1  ,NI ,K  = 1 , HI 
REA0!10,FMT3IIITMI  J.Kl  ,J»l,M,K*l,MI 
READ!  10.FMT3I11VI  J.Kl  .J*l»Nl»K«l»Kl 
READI10.FMT3IIIT! J.K I ,J*l.N),K»l,N) 
RcA0(10,FMT3H(PtJ,KI,J»l,NI,K*l,MI 
REAOI 10.FMT3II1QI J.Kl  ,J*l  ,M,K*l,M) 

READ! 10.FMT3I!  ( XNF!  J.K  I ,J*1,N'I  ,K*1,HI 
READI10.FMT3I11G1J.KI  .J=lJNl,K*l,M) 
REA0!10,FMT31IPXm,FY!Kl  ,K«1,N» 

READ110.3tlTN.TC.TNM, PC. KS.KF.JF 

WRITE16.70IMC.TN 

REWIND  10 

MAGNU-MINOl I 01  NT! VP*TC •( DFN-3. CO > / I TL*DT ANAL  1 lO.N-ll 
2000  CALL  CALClX.Y.XD.VC.SX.SY.SXY.TM.V.T.P.O.PX.PY.OX.OY, 
1XMF.G.NJ.MK1 

WRITE! 12.FMT3II XI J.MMll, J*1  ,NI 
WRITE! 12, FMT3I1 Yl J.MM  1 1,J*1,M 


WRITE! 12.  FMT3 I! XD! J.MMll, jal.M 
WRITE! 12.FMT3I! YD  1 J, MM U , J« 1 ,NI 
WRITE! 12.36ITN 

IF  I M0D 1 MC , NC  P I .NE.  0 .AND.  MC  ,GT • *101  GO  TO  2870 
CALL  FITE!X,TI1,2,JF,KS,KF,N,M| 

CALL  PITE(Y»TI2,2,JF,KS,KF,N,M| 

CALL  RITE!XC,TI4,2.JF,KS,KF ,N,MI 
CALL  RITEIY0,TI5,2,JF,«S,KF«N»MI 
CALL  RITE<V,TI3, 3, JF, KSP.KF.N.MI 
CALL  RITE!TM,TI6,3,JF,KSP,kF.N,M| 

CALL  R!TE(SX,TI7,3,JF,KSP,KF,N,M) 

CALL  P ITE! SY.TI8.3.JF .KSP.KF.N.MI 
CALL  RITE(SXY,TI9,3,JF, KSP.KF.N.MI 


WWW  “ 

V IFGELE  CtiuU-oi.Uii 


PER!. 


f WFL»  v * W*  .TV T V 7*  VT  VT'W? 


‘ 'J"*  V'  'i*1-  ^ 


1 


«.VI  IV  V V 


CALL  RITE!T,T10,3,JF  ,K$P,xF ,N,PI 
CALL  PITE!P.Tll,3,JF,XSP,KF,N,M) 

CALL  RITE10.T12  ,3,JF,KSP,KF ,N,P) 

CALL  RITEIXMF,T13»3,JF  ,V SF, KF , N,M) 

CALL  P 1TEIG,T15,3,JF ,KS»,KF ,N,M) 

2870  JFITN  .GT.  TMAX  .CR.  PC  .GE.  NCP)  GO  TO  2900 
TNM«TO 
TO-TN 

TN«TNwOPINl!DTP,l. 1D0*ITC-TNP| I 
GO  TO  2000 
2900  REWINO  12 

!F!MCDIMC,NCP>  .EC.  0)  GO  TC  3000 
CALL  FITEIX.TI1  ,2, JF  ,*S,KF,A,M) 

CALL  PlTE(vfTI2,2.JF,x$,KF,N,M» 

CALL  RITEIX0,TI*,2,JF,XS.KF,N,M» 

CALL  PITEIVD,TI5,2,JF,*S,KF,N,PI 
CALL  FITS!V,TI3,3,JF,KSP,KF,N,P) 

CALL  FITEJTM.Tt ft,3,jF,XSP.XF,N,Ml 
CALL  RITECSX.TI  7.3.JF  ,XSP,KF,N,H.| 

CALL  RI TEI SV.TI 8,3, JF  ,*SP.KF,N,PI 
CALL  F ITEI SXY.T 19,3, JF.KSP, KF,N, Ml 
CALL  R I T£  I T , T 1 0 , 3 »JF,XSP,XF »N,M) 

CALL  RITEIP,Tll,3,JF,*SP,*F,»<,M| 

CALL  FITF(0,T12,3,JF,X?P,XF,N,M» 

CALL  RlTEIX**F,Tl3.3,JF,KSP,KF,NtM> 

CALL  PITEIG,T15,3,JF,K$F,KF,N,M) 

3000  WR  ITEI  II.FPT3H  I XI  J,X)  ,J=1,M  ,K«1,MI 
WRITE! 11  ,F«T3) ( t YI  J,*  » ,J=1 ,N) ,K»l,M) 

WRITE  I li,FwT3»M  XDI  J,K  1,  J»1  ,NJ  ,K*l,M) 

WP  ITEI  11,F«T3H  C VO  I J,x  I,  J*l  ,M  ,K«1,  Ml 
WRITE! 11,F«T3)| ISXI J,K),J-1 ,NI ,K«1,M| 

WRITE! ll,FMT3M « SY < J,K),J*1 ,N| ,K»l,MI 
WRITE  I 11.FMT3) t I SXVI J,K| , J« 1,N) ,K*1,M1 
WRITE! 11,FMT3»I|TP!J,K),J*1,M 
WRITE! 11.FPT3I I ! VI J,K)  ,K-1,M| 

WRITE! 11 .FMT3I 1! T! J,X J ,K«1,H» 

WRITE!  1 1 ,F»*T  3»  ( ! PI  J , * > , J* 1 , N I , X*l , H I 
WRITE!  ll,FMT3)lld  J.XI.J’l.M  ,X*l,MJ 
WRITE!  ll.FPTJJUX^FI  j,k)  ,J=1,NI,X-1,M) 

WRITE! ll.FPT3)«IGIJ,X)  ,J=  l ,M  ,K-1  ,M| 

WRITE!  11.  F«T3)(Px(M,F><K),K  = lfH» 

wRITEI 11,36 JTN.TC,  TAP,  PC. KS.KF.JF 

REWIND  U 

RETURN 

END 

SUBROUTINE  P IT E I Q , A . JS  , JF , K S.XF , N, P » 

IMPLICIT  REAL*?  1A-P.C-2) 

DIPENSIONOIN.P)  ,A(5I  ,XK(  151  ,FWTU8I  ,FHT2I  8) 

COMMON  FMTl,F“T2,ACCL 
COMMON  /TINY/  TN,PC 

10  FORMAT! / l x»  ' T I ME* • ,F 6 . 3, • P ICRCSEC . • , 3X , 5 A* , • CYCLE 
N I * ( IkF-KS+t  l/NCCL )♦ I 
NUM*pOCIXF-KS»1,NCCL ) 

WR ITEI 6, '01TN.A ,PC 
CO  200„  * 1 ,NI 

L I M*NC  CL 

IF!  I ,EQ.  N I )LI P = KUP 
IFILIP  .EO.  0)  GO  TC  2C00 
00  1000  L * 1 » L I M 
XX ! L ) *L ♦ I l-l I »NCCL*K  S- 1 


COPY  AV/JLACLE II  CSC  COES  COT 
PERMIT  FULLY  LEGiBLE  PRS^CIiCiI 


240. 

1000 

241. 

242. 

2 43. 

244. 

1500 

245. 

2000 

246. 

247. 

248. 

2 49. 

250. 

2 51. 

252. 

2 53. 

2 54. 

255. 

2 56. 

2 57. 

258. 

2 59. 

260. 

261. 

262. 

263. 

264. 

50 

265. 

2 66. 

267. 

268. 

60 

269. 

2000 

2 70. 

271. 

272. 

273. 

274. 

2 75. 

276. 

277. 

2 78. 

279. 

280. 

281. 

2 82. 

283. 

284. 

285. 

2 86. 

287. 

288. 

2050 

289. 

290. 

2100 

291. 

292. 

2150 

293. 

294. 

295. 

296. 

297. 

298. 

299. 

WRITE(6.FMTlHKMl),l-l.LlM> 
on  1500  J-JS.JF 

MRITEI6.FMT2I  J. ( 0 < J,L*(I-ll •NCGL**S-ll,t»l.Ll*» 


RETURN 

ENO 

SUBROUTINE  C »LC( X . V , XO .YO . S X.SV.SKV . TM, V »T, P. C. PX .PY ,GX , OY , 
IXMF.G.NJ.MK1 

implicit  realms  (a-m.c-zi 

0 PENSION  XINJ.NKI  ,YU  J/m  ,XC  CNJ.M*!  .YOINJ.M*  I ,KL<  51, 

1SX(NJ,MK) .SY(NJ.mh) , SXYI  NJ.*-X» .TM(NJ.MK)  , V I NJ ,M< I ,POI 51, 
2T(NJ.MKI,P(NJ,MKI,C(NJ.MKI,Fx«“M,PY(MKl,CYlMKJ  .C0C51, 

30X(MK)  ,FMT3I8>  .GCN  J.MK  I.TmS)  ,T1  5(51, 

4QX(4(,CY(41,TIl(5>  «T  I 2 ( 5 I .T I 3( 5 » , T 14 l 5 1 . T 1 51 5 I ,T 1 6( 5 1 , XMP( NJ , MK » , 
5TI  7(5)  ,718(51  ,T19(  51  ,U0(  5»  ,T 1 1 1 51 . T12 1 5 1 , F MT 1 1 8 KFMT2 ( 8 1 , S I 5 1 
COMMON  FMU.FMT2.NCCL 

COMMON  /MONST/  4L.B1  .fc2,DT,EX,ET,HL,HR,PJ,00.TL,W0,V0,VP,XE0,TRMIJ, 
IcXY.SYO.SXC.TlV.VNP.wxY, phCN ,RHC j»  SXYC.CBZ.CT ANAL ,OPN, DPM, B12, 
2PTESr,DTM,MAGN0.MAGNU,JF,KF  , KS . X SP, M I M P , NM1 . N*U 
COMMON  /PROeV/  TEMPO  .TC.TNM  .J.K.M.N.NTRL 
COMMON  /MPSMAL/RC.CC.S.KL.NO 
COMMON  /TINY/  TN.MC 


15X,'TI“E  CONTROLLING  MESH *. 214  . /•  MINIMUM  M=SH  POINT 
2,S£PAFATICN*,C16.9,»  AT  *£$»-•, 214,*  BETWEEN  POINTS*, 
312.*  AND‘,12/*  CONTACT  PT*,I4,*  JF*,I4» 


TSO«OTM 

KSP”KS>1 

KFLL-0 

KFLL’mO 

JFL«0 

MC  *NC  ♦ 1 

OT»TN-TO 

maonc*magnu 

MAGNU=MINO( ICINTC  VF«rN*(DPN-3.D0I/(TL«CTANALl  U3.M-1I 
JF*miko(N-1,MAxOI JF.MAGNU+2 )> 

00  2800  J*2,NMl 

NTRL-1 

OPJ-J 

00  2150  K » 1 , M 

IFIJ  ,E0.  2)  GO  TO  2050 

OY(KI=PV<K| 

CXIK)-PX(K) 

GO  TO  2100 


0X(K1=X( 1 » K ) 


PY(K  )>Y| J.K) 


00  2700  X*2.XF 

IFJK-1  .EO.  KLINTRLI  imrl  = mtrl»i 

IF(X  .GT.  MI-P-l  . ASC « J ,GT.  JFI  GO  TO  2800 

CC=(SY(  J*l.K»n-P(  J*l.K*ll-C(  J»l.K*t  II*(X(  JU,K|-X(J,X*1I1 

RA=TM|j»l,KI*TM(J.Kl»TMIJ,X«ll»T“(J*I,R*l) 

YOCJ.K I * YD  ( J.K ) ♦ I T N—  T 5 M • ( S * Y ( J* 1 , X J • i PY (X  — II  — 

1Y(  JFl.KJUSXTI  J.K  I • (CYUI-PY(K-l)  I » S XY ( j , K» l ) • I Y(  J, 


a 

5 


t- 

v' 


PERKIT  FULLY  U 


>1 


300.  2K«-1»-0YIK|)»SXVI  I JM  *K)-Vl 

301.  31SVI  J»1.K  l-FI  JM.XI-CI  J+l.K||*|PXtK-ll-X(J+|.K|)- 

302.  4I$YCJ,XI-PlJ,xl-0IJ,x)  )*(CX(K»-PX(K-1)  l-ISY(J,X*ll- 

303.  5?t  J.K4-II-GIJ.KMI  I *1  XI  J,K«l  l-GXIKl  1-CCI/tU 

304.  YI J,X|=YI J,K)»VC(J,K l*CT 

305.  1FIK  .LT.  KS)  GC  TC  27C0 

306.  IF ( J .GT.  JF)  GO  TC  27C0 

307.  cc-sxvi  j»i,K»n*ix(  j+i,K)-x(j,K»in 

3 08.  XOI  J.Kl*XOt  J.X1M  TX.-TNM*  l < SX(J*l,K|-P(JflfKl-OIJ*-l» 

309.  1KI  l*|PV(  X-ll-Vl  J + l.K)  1 ♦(  s XI  J,K  )-P(  J.X)-OIJ,K>  l«IOY(XI 

310.  2-PYIK-ll  l«-l  sx(  J.KM »-  P(  J,K*  1)-C(  J,x*tl  )*(  v(  J.K+ll- 

311.  30YIK) l*ISX( J*1,X«-1)-°I J*I.Ktll-C( 

312.  4-VI J.X41 1 |-<XYI J*1  ,Xl*  IPXIX-ll-Xl J»1,K|  |-$XY(  J,K|* 

313.  5I0XIK1-PXIK-11 l-SXYt  J,Kvl)*tX<  J.KHI-OXIKI  l-CCI/RA 

314.  IF  1 DAB  SI XD< J »X  I ) .IT.  1.0-2 C) XDt J , X I >0.00 

315.  XI  J.KI-Xt J,K)*XD(J,K)*CT 

316.  2155  IFIJ  -EQ.  2 .OR.  K .IE.  KSIGO  TO  2700 

317.  VO*VIJ,KI 

318.  VI J,X|«< (XI  J-l.XI-Xl  J,X-l)l*lYI  J.Xl-VU-l.K-llIM  XIJ,K» 

319.  1-XIJ-l.K-ll 1*1 Yl J,K-1I-YIJ-1,K|  1 1/2.00 

320.  IFIK  .NE.  MIf-P)  GO  TC  2165 

321.  IFIJ  .GT.  M aGN'J I GO  TC  2700 

322.  IFIJ  .GT.  MAGNOI  GO  TC  2160 

323.  GO  TO  2165 

324.  2160  T*M J,K )«VI J .K I *ROI NTRl I 

325.  RHCO*PC l NTRL  1 

326.  GO  TO  2170 

327.  2165  PHCG-TPI J.XI/VO 

328.  2170  PHON*T»t J.KI/Vt J.KI 

329.  VNP=t VC*Vt J,X| I /2.C0 

330.  VNP4  *4. DO* VN  P 

3 31.  EX*I IXCl  J-l.Kl-XOI  J.K-1IIM  YIJ.KUPYIM-YI  J-l.X-ll- 

332.  13YIK-1 I »♦( XOI J.Kl-XCI J-l.K-ll ) *IYI J.K-114PY IK-11- 

333.  2YI  J-l,K»-CY|K))»/VNP4 

334.  IFIDA5SIEXI  .LT.  1 . 0-2 C) E X. C. DO 

335.  E Y — I I YOI J-l ,K1-Y0( J . K-l ) 1*(XI J.K1  + PXIKI-XI J-l.X-ll- 

3 36.  iax(K-in*ivcij,Ki-Yoi  j-i.K-n  i*<xi  j,K-n  vpxik-u-xi  j-i. 

337.  , 2XI-CXIK) ) I/VNP4 

338.  IF  IDABSIEYl  .LT.  1 . 0-2 Cl E Y= C.DO 

339.  A*-I  I XCt  J-l 'KI-XOI J.K-  1) I *| XI J,KI»PX|K |-Xt J-l.K-ll- 

340.  lOXtK-l))*(XCIJ,K)-XC(J-l,K-lll*(XtJ,K-l)*PX(K-ll-XIJ-l, 

341.  2x1 —0 X ( K I I 1 / VNP 4 

342.  IF (DABS! A ) .LT.  1 . 0-20  I A* 0. CO 

343.  8=UY0I  J-l,K)-YD(  J.x-l  |)»(Y(JIK|.PYIX)-YI  J-l.K-ll- 

344.  10Y(K  — lllMYCIJ.KI  — YOI  J-l . X- 1 1 1 •! Y( J , K-l I ♦ PY  I X- ll-Y  ( J -1 , 

345.  2K I— OY (XI  I I/VNP4 

346.  IFIOAPSIBI  .LT.  1 .D- 2C IB* 0. CO 

347.  EXY*(Af8 1/2.00 

348.  WXY* A-B 

349.  VD  *E  X*E Y 

350.  SXOxSXU.K) 

351.  SXYO'SXYI J.KI 

352.  S YO* SY ( J « X | 

353.  XW=XPF(.  . I 

354.  CALL  £r£EC(XM,vl,Y2,»Tt,BT2,ALl.AL2,CPl,CP2,P(J,XI,TIJ,K»l 

355.  RHCN  = FC<NTRl  I 

3 56.  BETA*R  hOT.*  1 1 l.D0-xul»PTl*vi*x‘**BT2*V2l 

3 57.  AL  PHA*RHON*< I 1 .OC-XM  >*AL1 *V 1 * »AL 2 • V2 1 

358.  CP*I  l.C0-XH)*CPl*X***CF2 

3 59.  C82*l.C0/IB£TA*R*CN-ITl J.xl /CP  I * ALPHA*«2 1 


JK 

1 

IV 

rn 


t: 


‘is 


COPY  AVAILABLE  TO  COG  COES  HOT 
PERMIT  FULLY  LEGIBLE  FhOaUCIiM 


209 


GNU»GMJF IX.Y.XO.YO.SX, IV , SX Y ,TP  ,V ,T , 

1P.Q.PX.PY  .CX.OV.XPF.G.KJ.PK) 

TRMUO.DO*  I 1.0O-2.C0*GXU)*IFH0C*RHONI 
1*CB2/I  2. CO* I 1 • 00  *GMi  M 

SXVl J.K) «<  SXVO*l I.D0-(CT*WXY/2.D0)**2>*DT*ITR*<U*EXY* 

1MXY*I 2.00*1  SV0-SXC)  + TP*>U*CT«IEV-EX1 1/4.00  J )/<  1« DO* 

2CDT*WXV/2. 001**2) 

IF(DABS<Sxv(j,k|  ) .LT.  1.0-20)  SXV(J,K)«Q.  00 

SXI  J,K  )>SXO*DT*USXVI  J,KI  »S  XYO )*4XY/2. 00 *TRMU*I FX-VO/3. DO 1) 
IFIOAPSI SXI J.K)  ) .LT.  1.D-2C) SXI J,K)«O.DO 

SVI J.K  )»SVO*CT*I-ISXVl  J.K1»SXYCJ*WXV/2.D0*TR"U*IET-VD/3.00I1 
IFIOABSISYIJ.K))  .LT.  1.0-2C1SVI J,K)»0.00 
PJ»SXlJ,K)**2*SYlJ,K)**2«-$XVlJ,K)**2»-SX|J,Kl*$rU,)() 
C*RELFtX,Y,XO.YO,SX,SY,SXY.lP,V,T, 
lP.O.PX.PV.CX.OV, XPF .G.KJ.HK) 

SXIJ.K )>SXl J,KI*C 

sri j.x)«sv( j,xi*c 

SXYI J»K)=SXY(J»K)*C 
2175  QO»OIJ,K) 

IFIVIJ.K)  .LT.  0.00  .OR.  CB2  .LT.  0.00)  GO  TO  28'»0 
01  J.K) «-VC*<TH( J,KI*812*DA8$IV0)*RH0N*B2*DSQRTI3.D0* 

II 1. DO-GNU )*CB2*Vl  J,K I /I l.OO*GNU)) ) 

IF  I OAB  S(OlJ.x) ) .LT.  1.0-20  )C(J«K) >0.00 
IF ( VO  .GT.  0.00)01 J.K)>0. 00 
SPVNP«VNP/TPI J.K) 

SP  V* 1 . CO/RHON 
TOLD-TI J.KI 
POLD«PC  J.K) 

XMO«XMF( J.K) 

CO  2180  I » l * 9 
• PMA V*  P (J.K) 

PNP*IPI J,K)*PGLO) /2.CG 
TNP-ITI  J,M*TOLO)/2.O0 

CALL  ECS  TAT  I XM  , x>1NP  , XCP,  V IN  F ,V2NP,  8 T INP , BT2NP  , A1NP,  A2NP,  CPI  , 
IC02,E1,E2,TNP,PNP,SPVKP,XPO,TIJ,K),SPV) 

A INP*A 1NP*V1NP 

A2NP«A2NP*V2NP 

BT1NP=PTIKP*V1NP 

8T2NP*BT2NP*V2NP 

A l = ( 1 . CO—  XPNP ) *A1NF*XPKP*A2NP 

A2  »-  I 1 ,00-XPNP)*9T  1NP-X**NP*8T2NP 

A 3 * I V 2 N D—  V l ).  P ) • X C Y—  v K F • v 3 / T * I J » K I 

A 4*  I 1 . D 0—  XMN°)*(C°l  — Al)P*FNcl*XM»,P*(CP2-A2\0*F>!P) 

A5»I  i.OO-XPNP)»(BT 1SP»PSP-A ISP^TNP) ♦X“».P*ieT2NP*PNP-A2NP*TNP| 
A6*IE2"-El)*XDM-VNP»(  1$XIJ,*)*SXC)*EX*1SYIJ,KJ .SYOl'EY* 
12.00*(SXY(J,K)*SXYO)*EXY-IPXP*2.00*0(J.K)*30)*VOI/I?.00*TM(J,KI) 
0>A1*A  5 — A 4* A 2 

T { J.K) »TGL0-CT*( A3*A5-A6*A2)/0 
PI J,K)=PCL0-DT*(Al»tt-A4*A3)/0 
IFIPIJ.k)  .EC.  0. CO ) GC  TC  2)80 

IFIOABSIfPI J.KI-P»AV)/P( J.KM  .LT.  1.0-3)  GO  TO  2190 
2180  CONTINUE 
2190  XPF(2,K)*XM 

2195  CALL  SPEE01XN,vi,V2,5Tl,eT2,All,AL2,CPI.CP2.P(J,K),TlJ,K»» 
BETA»RHJf.<(  I I.D0-x*)*PTl*Vl«XN*8T2*V2) 

ALPHA rP.HON*!  I 1.00-xP  )•  ALl*V  1*X**AL2*V2> 

CP*  I 1.C0-XH)*cpi*X**CP2 

CB2*1.00/<BETA*RHCN-ITIJ,K) /CP)*ALPHA**2) 

CXflt-Xf J.K) 

0XI2I-XI J.K-l) 


COPY /IMF  rn 

O'  ^OT 

Bffiu  n 


r "ftT/fri 

O 1 U.,4 


420. 

0XI3I-XI J-l.K-l) 

421. 

0X|4)*X| J-l.KI 

422. 

om»«ri  j,m 

423. 

Df(2l«V( J.K-ll 

424. 

Otl3)*V»  J-l.K-l) 

425. 

ori4i«v( j-i.ki 

426. 

DM. 100000.00 

427. 

□0  2300  I *2,4 

428. 

GO  2200  1-1.4 

429. 

O-OSOP  T ( (DXI  I-ll-Dxm  )**2MDYIl-ll-DYlLI  I**2I 

430. 

IFIO  .GE.  DM)  GO  TO  22C0 

431. 

0W»0 

432. 

NP 1*1— l 

433. 

NP2«l 

434. 

2200 

CONTINUE 

435. 

2300 

CONTINUE 

436. 

IF! DM  .GE.  TSOI  GO  TC  2350 

437. 

TSO-OM 

438. 

NPIS-NPI 

439. 

NP2S-NP2 

440. 

JSO-J 

441. 

KSO*K 

442. 

GNU-GNUFC  X,V,XO,VC,SX,SY,SXV,TM,V,T, 

443. 

1P,0,PX,PY,CX,0Y,XMF,G,NJ,8K | 

444. 

2350 

IF ( VI J » < ) .LT.  0.00  .CR.  C 8 2 .LT.  O.COI  GO  TO  2850 

445. 

C*DSOF  TC  3.0C*I I. CO-GNU  )«C 82/ I I .DO^GNUJ 1 

446. 

00  T*DN'/(02*C»Bl2»Cf'*CAES(\iC)*OSGRTIB2*CPBl2*DM*CVD 

447. 

l**2)*C»»2)l 

448. 

IF  I OCT  .GE.  DTM)  GC  TC  2360 

449. 

otm.oot 

450. 

JSTS-J 

451. 

KSTS-K 

452. 

2360 

I F I K .EO.  XS*2)  GC  TC  2400 

453. 

IFCK  .EQ.  KF-I)  GO  TC  2500 

454. 

IF  I J .E3.  JF-2 ) GO  TC  2600 

4 55. 

GO  TO  27C0 

456. 

2400 

IFIPIJ.KI  .GT.  PTEST|KFLU*1 

457. 

GO  TO  2 TOO 

<•58.  2500  IF(P(J,K)  .GT.  PTEST)KFLl-l 


559.  GO  TO  27C0 


/ 


560.  2600  IF(P(J.K)  .GT.  PTESTJ  JFL*1 

561.  2700  CONTINUE 

562.  2800  CONTINUE 

563.  GO  TC  2360 

565.  2850  MC«NCM*NCP 

565.  WRITE  (6, 60 1 J ,K , E X ,E Y , A ,B , T R NU, P J.C52 

566.  2 860  WRITE  I 6 , 50) *C . T N ,0 TM  , J ST  $ .K STS . TSD, JS0, KSD, NP IS , NP2S.M AGNU,  JF 

567.  2870  IFPCFLU  .EQ.  1 >KS=MA >C (2, KS-1) 

568.  IFIKFLL  .EQ.  1)  KF  = M I NCI M-l ,XF ♦ !) 

569.  IFIJFL  .EC.  1)  JF-MINOIN-I# JF*1> 

570.  RETURN 

471.  END 

472.  SUBROUTINE  EOST AT  I XM , xpno , XC*, VI , V2 ,BT l , BT2 , AUl , AL2 ,CP 1. 

4 73.  ICP2.E1  ,E2,T,Pf V.Xwc.TEFFN.VM 

474.  IMPLICIT  PE  A L*  8 IA-F.C-II 

4 75.  01  WENS  ION  VO  (5, 2 1 ,C*C<  5,2  ),CM5.2I  .GO  I 5. 2 1 . CV  1 5 , 2 ) , EOC  5.  2), 

476.  l40(5,2l,AlI5.2I.A2I5,2»,COI5,2),S15,2I.B$I5,2l,WOS(5,2I.OSI5,2)r 

4 77.  2FSI5.2I  .TNOSI  5,2  ) , ALF S 1 5 , 2 ) .GNUI  5. 2 > . YOS  ( 5 , 2 » , T Ai/t  5 » 

478.  CO***ON  / MPLSGE/  VC,CKO,ON,GO,CV,EJ,AO,Al,A2,CO,S,BStWOS. 

479.  10S.FS,CN0S,ALFS,GNU,YCS.TAU 


480. 

481. 
4 82. 
4 83. 
484. 

4 85. 

486. 

487. 

488. 

489. 

490. 

491. 

492. 

493. 

494. 

495. 

496. 

497. 

498. 

499. 

500. 

501. 

502. 

503. 

504. 

505. 

506. 

507. 

508. 

509. 

5 10. 

511. 

512. 

513. 

514. 

515. 

516. 

517. 

518. 

519. 

520. 

521. 

522. 

523. 

524. 

525. 

526. 

527. 

528. 

529. 
5 30. 

531. 

532. 

533. 

534. 

535. 

536. 

537. 

538. 

539. 


1000 

2000 


3000 


3100 

3200 

3500 

4000 


5000 

6000 


COMMON  /TINY/  TN.MC 

COMMON  /Pfloev/  TO, TC.TNM, J,K,M,N,NR 
DT-TN-TO 

I F (T  AU  ( NR  ) .EO.  0.00)  GO  TQ  3000 
VA*AO( PR, l) »A1(NP , l) *T*A2(NP, l)*T**2 
VB*AO( NR,2I*A1(NR,2)*T*A2INR«2I*T**2 
XEQ-l.DO 

I F ( V .CE.  VA)  GO  TC  1000 
(F(V  .IE.  ve)  GO  TO  20CO 
XE0»(V-VA1 /I VB-VA1 
GO  TO  2000 
XEQ=O.DO 

XOM. ( XEC-XMOI/ITAUINB) ♦CT/2.001 

XM.XMC ♦O  T *XCM 
I F ( XM  .LT.  O.OOIXM.Q.OC 
I F ( XM  .GT.  I.OOIXM-I.OO 
GO  TO  3500 

VAmAOl NR , 1)*AIC  NR,  1 I • T EM PN ♦ A2( NR , 1 ) *T E MPN**2 
Vft»Aul NR ,2»  *A11 NR  ,21»TF"PN*i2<NB,2)*TEMPN*62 
XM-1.00 

IF(VN  .Gt.  V A I GC  TC  3100 
I F 1 VN  .LE.  VBJ  GC  TC  3200 
XM* ( VN-VA)/< V6-VA1 
GO  TO  3200 
XM.O.DO 

XOM*( XM-xmOI/OT 
XMNP*I XM»XM0)/2.D0 
00  5000  1*1,2 

IF  ( X *•*, p .EO.  i.OO  .ANC.  I .EC.  II  GO  TO  <000 
RO*l.DO/VO(NB,l I 

A*  t P-R  0*G0 ( N® . I »*CV(NR,II*I T-TO I I *0N< NR,  I I /DKO( NR , I ) 

V»C| A*l.OC)**(-l.OO/CN(NR,I  lll/RO 
8T*( |B0*V)**CNCNB  , 111  / CKO(NR,I I 
AL*RO*GO(NR,I l*CV(NB  , I l*BT 
A*T*CVINR.lV*ftT*V*(BC*GOtNR,n 1**2 
CP*CV«NB,I l*ll.CO«A| 

A*V*(  l.OO/CBT*OKO(NR,I  ll-l.CO)  ♦ CMNR  , 1 1 * IV-VOINR,  III 
B*-DKO(NH,  I J*A/(  ( l.OC-CM  NR,  I)  I*DMNR,I1  ) *CV<  NP  , I )*(T-TO» 
E*EO(f.R  , I )*B*BO*GO(NB,  I ) *C  V I NP  , 1 1 * T 0*  ( V-VO(  NR  , I)  ) 

IF ( I .EO.  2 .ANO.  XMNP  ,NE.  l.COI  GO  TO  6003 

Vl-V 

BT1-BT 

At.  1*  At 

CPl*CP 

El-E 

IF ( XMNP  .EO.  0.001  GC  TO  6000 

CONTINUE 

V2*V 

BT2*BT 

AL2*AL 

CB2-CP 

E2*E 

RETURN 

ENTRY  SPEEOIXM.vi, V2,9T1,BT2,AL1,AL2,CPI,CP2,P,TI 
DO  7000  1*1,2 

IF ( X"  .£0.  l.CO  .ANO.  I .EC.  II  GO  TO  7000 
RO*1.CO/VO(NR,I I 

A* ( P-R  0*GO  t NP  * I I *C  V ( N p , I 1*1 T-TO) )*GN(NR,  1 1 /OK  01  NR, 1 1 
V*M  A*l.CC)**l-l.OC/CMNR,I  MI/RO 
8T*I (RO  *V I **CNI NP,  I I I /CKO (NR, I I 


w?jr*  \ 
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AL*R0*G0(NR»ll»CV(NR,II*BT 
A«T*CV(NR,l  l*aT*V*(RO»C-Ot  NR,1)  )**2 
CP*CV(NR,I )*(1.C0*A> 

IF(I  . E3.  2 .AND • XH  .KE.  l.COI  GO  TO  8000 

V1*V 

8T1*BT 

AL1-AL 

CP1-CP 

IFIXM  ,EQ.  0.00)  GO  TC  8000 
7000  CONTINUE 
8000  V2*V 

BT2-8T 

AL2-AL 

CP2*CP 

RETURN 

ENO 

SUBROUTINE  REAOIN 
IMPLICIT  RE AL*8  (A-F.C-ZI 

01  PENS  ION  VO <5,21 ,DKO(5,2),CN(S,2l,GO(5,2),CVt5,2),EO(5, 2),KL (51, 
lAO(5«2l,Al<S*2l,A2(5,2),COI5,2),SI5,2I,9S(5,2)fh')S(5,2l,DS(5,2lt 
2FS(5,2I ,DNOS<5,2)  , ALE  SI  5, 2) ,GNU(5,2) ,Y0SC5,2I , ROP ( 5 ) ,COP < 5 I , SP( 5) 
3,TAU(5> 

COMMON  /MPLRGE/  VO,CXO,DN,GO,CV,EO,AO,A1 ,A2,C0,S, BS.UOS, 
1DS,FS,DN0S,ALFS.GNL,YCS.TAU 
COUPON  /MPSMAL/ROP,COP,SP,KL.NR 
10  FORMAT  12013) 

20  FORMAT  I • THERE  ARE*,  13,'  REGIONS.  DIVIDING  LINES  ARE  AT  K **,9141 
30  FORMAT  16012.51 

40  FORMAT ( 3 9X  * 'REGION*, I 4 /3 3 x » ’PHASE  l'.8X, 'PHASE  2* I 
50  FORMAT ( ' SPECIFIC  VCLLME * . T ? I , 2(012 . 5, 3 X ) /«  euLK  MODULUS* 

1, T31,2(D12.5,3x)/*  &LIK  MCCLLUS  CERIVATtvE* 

2,  T31, 2(012. 5, 3X1/'  GRLNE I SEN  PARAMETER* 

3,  T31, 2(012. 5, 3X1/*  CV  SPECIFIC  HEAT ' ,T3 t , 2( 01 2.5, 3X ) 

4/*  STP  ENERGY* ,T31,2(C12. 5, 3X11 

60  FORMAT!*  ZERCTh  T CCEFf  CF  TRANS  V* 

1,731,2(012.5.3X1/'  FIRST  T CCEFF  CF  TRANS  V* 

2.  T 3 1 . 2(012. 5, 3X1/’  SECCNO  T COEFF  CF  TRANS  V* 

3.  T31, 2(012. 5. 3X1/*  SCLNO  SP EEO * ,T3 1 , 2 1 C 1 2. 5 , 3 X ) /’  US-UP  CONST* 

4.  T31, 21012. 5, 3X1/'  BURGERS  VECTOR* ,T3l, 2(012.5, 3X)I 
70  FORMAT!*  MAX  DISLCCATICN  VELCCITY’ 

1. T31 ,2( 012.5,3X1 /•  CHARACTERISTIC  DRAG  STRESS* 

2, T31,2(Ol2.5,3X)/«  DISLCCATICN  CONST  #1* 

3,731,2(012.5,3X1 /'  INITIAL  DISLOCATION  OENSITY* 

4,  T31, 2(012. 5,3X1  / * DISLCCATICN  CONST  »2* 

5,  T31, 21012.5,3X1/*  PC  I SS I CN  • , 1 H • , • S RATIO* 

6,  T31, 2(012. 5, 3X1/*  YEIIO  STRENGTH • , T 31 , 2 ( 01 2. 5, 3X  1) 

80  FORMAT!*  PHASE  TRANSITION  RELAXATION  TIME* , T46 « 012. 5 ? 

READ(5,10)NR,(KL(I I, 1*1, NR) 

MR ITE ( 6, 20) NR, (KL( I) .1*1, NR  I 
00  1000  L*  l « NR 
DO  500  1*1,2 

READ! 5, 30 1 VO(L,  I I.CKO(L, 1 ),CM(L,M ,GO(L, U.CVIL,! ),E0IL, 1), 

1 40 ( L , I I • A 1 ( L • I ),A2(L,I),CO(L,11,S(L,1I,8S(L,!).WOS(L,I  > , DS  < L , 1 ) , 
2FS(L,I» ,Df  OS(L,l ) ,ALFS(L. 1) .GNUIL, I > ,YOS IL, II 
500  CONTINUE 

R£A0(5,30ITAU(LI 
MR  !TE(6,40IL 

MR ITE (6, 50H VO(L. I I ,1*  1,2), (OKO(L,  1 1 , 1*1.2) ,(ON(L , II ,1*1,2), 
l(G0(L,n,I*l,2).(CV(L,n,l*l,2),(E0(L,n,I*l,2) 

MR ITE(6,60) ( AOI L, I > ,1 <1, 2), iAl IL.  I > , 1*1 ,21  , ( A2(L.  II, 1-1, 21, 


nfinvr. 


Uul 





600. 

601. 

602. 

603. 

606. 

605. 

606. 
607. 
6 08. 

609. 

610. 
611. 
612. 
613. 
616. 

615. 

616. 

617. 

618. 

619. 

620. 
621. 
622. 
623. 
626. 

625. 

626. 

627. 

628. 

629. 

630. 

631. 

632. 

633. 
636. 

635. 

636. 

637. 

638. 
6 39. 
660. 
661. 
662. 
663. 
666. 

665. 

666. 
667  • 
668. 
669. 

650. 

651. 

652. 

653. 
6 56. 

655. 

656. 

657. 

658. 

659. 


HC0(L,  II,  1*1, 21,  (S(L,I  ),I*l  , 2),  CBS  (L, II, 1-1,21 
WRITE(6,7C> ( W0S( L. I t ,1*1,2)  ,(DS(L. I >,1=1.2). (PS (L, 11.1*1,2), 
1I0N0S1  1.1)  ,1=1 ,2)  ,UIF$(L,  11,1*1,2)  ,(GNU(L,  I > ,1*1,2), 

21V0SU  ,1)  ,1=1,2) 

WRITE(6,80)TAU(l> 

ROP(L)*l.OO/VOCL, l ) 

COP(D*CO(l,  II 

spat-siun 

1000  CONTINUE 
RETURN 
END 

DOUBLE  PRECISION  FUNCTION  «EIF I X, Y , XD , YD , SX , SY, SXY, TM, V, T , 
IP,0.PX,PY,CX,CY,XMF,G,NJ,mk1 
IMPLICIT  RgAL*8  (A-H.C-Z) 

DIMENSION  XINJ.MK) ,Y (NJ, “K ) ,XD(NJ,MK) .YOINJ.MK), 

ISX(NJ.MK) ,SV(NJ,MM  .SXVINJ.KK) fTM(NJ,MK) .VINJ.MK), 
2TINJ,MK),P(NJ,MK|,C(NJ,MK|,FX(MKI,Py(MK>t0Y(MK)t 
30XIMK) ,XMF(NJ,MK|,G(NJ,MK) 

DIMENSION  VO  1 5, 2) ,DKC( 5. 2 ) • CN| 5, 2) , GO ( 5, 2 1 , CV ( 5 ,2  I, EOC 5, 2), 

160(5, 2) , A L( 5,21 » A 2 ( 5 , 2 ) , C 0( 5 , 2 I ,S ( 5 , 2 ) , BS( 5 . 2 I , WOS ( 5 , 2 ) , DS( 5, 2) , 
2FS(5,2> ,DN0S(5,2> , ALPS (5.2)  ,GNU ( 5 , 2 1 , YOS ( 5, 2) ,TAU<5) 

COMMON  /MPLBGE/  V0.DKC,DN,G0,CV,E0,A0,A1,A2,C0,S.8S,W0S, 
IDS.FS.DNOS.AlFS.GNL.YOS.TiU 

COMMON  /MONST/  fiL.Pl  ,02,OT,EX,EY,HL,HR,PJ,CO,TL,VD,VO, VP.XEO.TRMU, 
IEXY, SVO.SXO.TI V.VNP.NXV.P MON, RHCC,SXY0,CB2. DT ANAL, DPN,0PM,B12t 
2PT6ST,DTM  .MAGNO.MAGNU, JF, KF ,KS,KSP,MIMP,NMl,MMl 
* COMMON  /TINY/  TN.MC 

COMMCN  /PR08V/  TO,TO.TNM,J,K,M,N,NR 

70*1  1.00-X“F(J,KI  I * YOS (NR, l )*XMF( J, K)*Y0S(NR, 21 

IF(YO  .EO.  0.001  GC  TC  2CC0 

B=(1.D0-XMF( J,K)  )*BS(NP,l)»XMF(J,X)*BS(NR,2) 

W0=( l.CO-XMF (J,K I )*W0S(N3, 1 )*XMF(J,K)»W0S(NR,2I 
D=( l.OO-X«F( J,K) )*OS(NF, l)»XMF( J , K I *0S ( NR , 2 ) 

F-(1.D0-XMF( J.KI )*FS(NF.l  )*X«F(J,K)*FS(NR,2) 

DN0= (1 .D0-XMF1 J,K) )*DNCS(NR,1)*XMF(J|K)*ONOS(NR,2I 
ALF=( l.OO-XMF( J.KI )*ALFS(NR  ,1I+XMF( J,K)*ALFS(NR,21 
V023*YC*»2/3.00 

900  IF ( P J .LE.  Y023  ) GC  TC  1000 
IF ( DNO  .€0.  0. DO ) GC  TC  100C 
IF ( F .EO.  O.CO)  GO  TC  3000 
GOLO*G ( J, K ) 

CC»3*W0*DcXP(-0/(DS0RT ( P J I- YO/DSCRT ( 3 .DO ) I I / F 
DO  650  L- 1 » 3 

GO«CC*( l.DO+(F»NO-l.CQ)*OEXP(-ALF*F*( GOLD* . 5Q0-0T  AGO I / Bl 1 
950  CONTINUE 

GIJ.KI =GCLD*DT*GO 

REEF  «pM Ax l ( l.DO-TR“U»CC*DT/ (2. DO*DS ORT I P J > ) , DSORT I Y023/P J ) ) 

RETURN 

1000  RE LF *1.00 
RETURN 

2000  RELF*0.00 
RETURN 

3000  PELF*DSORT( Y023/PJI 
RETURN 

ENTRY  GNUF ( X , Y , XD  , YO  , S * . SY , SXY ,TM, V , T , 

IP.O.PX ,PY,CX,OV,XMF,G,NJ,MK ) 

GNUF*  ( 1.00—  XNF(  J,K  ) >*GNU(NP»1)«-XMF(J»K)*GNU(NR»2I 

RETURN 

ENO 

DOUBLE  PRECISION  FUNCTION  F X ( OPN, OPM ,CP J ,DPK , TL, AL, HL, 
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COPY  Tf1  *rr"  ^ 


irnt’iT  run 

P*  jV 

*, , i 

Eli.  ;i  i fu  .M 

lu 

£ <L.  W K 

: V » ! 


1 HR, T IV, VP,  J.K.N.P.FIPF.FT.MARKl 
IMPLICIT  RE AL*8  IA-F.C-ZI 
FX*I IDPJ-Z.DO) /(CPN-3.CO) )*TL 
RETURN 

ENTRY  FYICPN,CPM«CPJ»CPK,TL,fcL*HL» 

IHR,TIV,VP,  J,K,N,H,HIHP,FT,M*RX) 

01 *MIMP 

IF (K-M IMP  11000,2000,2  000 

1000  FY*HL*( l.OO/(OPM-DI-l.CO»*l  .CO)*FT*IDI-l.DO-OPK)/ IDI-3.D0) 
RETURN 

2000  FY*CDPM-l.CO-OPKI*( (Hfl-HL»*IOP J-2.G0 » / t 0PN-3.D0 t+HL » / 
llCPM-CI-i.OOl 
RETURN 

ENTRY  FXO(OFN,DPM,ORJ,CPK,TL,AL,HL, 

IHR ,TI V ,VP,  J,K,N,P,FIHF,FT,NARK| 

FXO»O.DO 

RETURN 

ENTRY  FYDCCPN,OPP,CPJ,CP<,TL,AL.HL, 

IHR  ,TI  V ,VP,  J,K,N,  P,  HIPF.FT.MARKJ 
IF|K-“ IMP) 3000, 4000, 5CC0 
3000  FYO»-VP 
RETURN 

4000  FYO  — riV 

IFIMAFK  ,N£.  OIFVO-O.OO 
RETURN 

5000  F VO=O.DO 
RETURN 
ENO 


APPENDIX  C 


are 


ANALYTIC  CALCULATION  OF  HUGONIOT 


The  jump  conditions  for  a shock  moving  into  a state  denoted  by  A 


1 ) Mass 


p(D  - U ) = pA(D  - UA) 


(C.l) 


2)  Momentum 


PX  - PXA  ■ »a'D  - UA><U  - UA> 


(C.2) 


3)  Energy  or  Rankine  Hugoniot  Relation 


E - EA  ■ ? (PX  * PXA>  <VA  - V> 


(C.3) 


where  P^  is  the  component  of  stress  in  the  direction  of  motion. 
(C.l)  and  (C.2)  yields 

(U  - UA>2 

PX  - PXA  = VA  - V 
and  using  this  in  Eq.  (C.3)  yields 


Combi ni ng 


(C.4) 


E - EA  ■ PXA<VA  - V>  + ? <U  - UA>2 


(C.5) 


The  equations  of  state  used  in  this  work  are  of  the  general  form 


E = f (V)  + 


poro 


(C.6) 
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ATTN:  Mr.  F.  Shelton 

P.  0.  Box  4763 
Colorado  Springs,  CO  80933 

Ktech 

ATTN:  Dr.  D.  Keller 

Mr.  N.  H.  Froula 
911  Pennsylvania  Avenue,  N.E. 
Albuquerque,  NM  87110 

Lockheed  Missiles  and  Space  Company 
ATTN:  Mr.  D.  Asp inwall 

P.  0.  Box  504 
Sunnyvale,  CA  94088 
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Martin  Marietta  Aerospace 
ATTN:  Mr.  J.  Potts 

Mr.  L.  Kinnaird 
Mr.  A.  Ossin 
P.  0.  Box  5837 
Orlando,  FL  32805 

McDonnell  Douglas  Corporation 
ATTN:  Dr.  H.  Hurwicz 

5301  Bolsa  Avenue 
Huntington  Beach,  CA  92647 

Prototype  Development  Associates,  Inc. 
ATTN:  Dr.  J.  I.  Slaughter 

Mr.  J.  Schutzler 
1740  Garry  Avenue,  Suite  201 
Santa  Ana,  CA  92705 

R & D Associates 
ATTN:  Dr.  A.  Field 

525  Wilshire  Blvd. 

Santa  Monica,  CA  90025 

Southwest  Research  Institute 
ATTN:  Mr.  A.  Wenzel 

8500  Culebra  Road 
San  Antonio,  TX  78206 

Stanford  Research  Institute 
ATTN:  Dr.  D.  Curran 

Dr.  L.  Seaman 
333  Ravenswood  Avenue 
Menlo  Park,  CA  90250 

TRW  Systems  Group 
ATTN:  Mr.  D.  Gamble 

One  Space  Park 
Redondo  Beach,  CA  90278 

Defense  Documentation  Center 
Cameron  Station,  Bldg.  5 
5010  Duke  Station 
Alexandria,  VA  22314 
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Director 

Army  Materials  and  Mechanics  Research  Center 

ATTN:  AMXMR-H,  Mr.  J.  Dignam 

AMXMR-H,  Mr.  L.  Aronin 
AMXMR-H,  Dr.  S.  C.  Chou 
AMXMR-H,  Dr.  D.  Dandekar 
AMXMR-H,  Major  L.  Abramson 
AMXMR-AP 
AMXMR-PL 
AMXMR-PR 

Watertown,  MA  02172 


Stanford  University 
Department  of  Applied  Mechanics 
ATTN:  Prof.  E.  H.  Lee 

Stanford,  CA  94305 


Terra  Tek,  Inc. 

ATTN:  Dr.  A.  H.  Jones 

420  Wakara  Way 
University  Research  Park 
Salt  Lake  City,  UT  84108 


Commander 

Watervliet  Arsenal 
SARWV-RR-ME,  Dr.  T.  E.  Davidson 
Watervliet,  NY  12189 
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